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We classify all torsion-free derived arithmetic Fuchsian groups of genus
two by commensurability class. In particular, we show that there exist no such
groups arising from quaternion algebras over number ﬁelds of degree greater
than 5. We also prove some results on the existence and form of maximal
orders for a certain class of quaternion algebras. These can in turn be used to
ﬁnd an explicit set of generators for each derived arithmetic group containing
a torsion-free subgroup of genus two. We show this for a number of examples.
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Introduction
A cocompact Fuchsian group Γ acts properly discontinuously on H
2
with quotient H2/Γ, a hyperbolic 2-orbifold with a ﬁnite number of cone
points. An arithmetic Fuchsian group has ﬁnite coarea and therefore is nec-
essarily of the ﬁrst kind. It is a well-known result that there are ﬁnitely
many conjugacy classes of arithmetic Fuchsian groups with a given signa-
ture (see [11], [20]). Extensive work has been done classifying the space of
PGL2(R)-conjugacy classes of various two-generator arithmetic groups: tri-
angle groups (see [19]), groups of signature (1;e) (see [20]), and groups of
signature (0;2,2,2,q) (see [12], [1]). However, it is signiﬁcantly more diﬃcult
to classify PGL2(R)-conjugacy classes of arithmetic groups of genus two since
these groups have larger areas. We can nonetheless determine all commensu-
rability classes of derived arithmetic Fuchsian groups of genus two using area
estimates. There is a ﬁnite list of signatures of groups Γ0 that can possibly
contain a subgroup Γ of signature (2;0). Following [12], we determine all
commensurability classes of derived arithmetic groups with these signatures
by invariant quaternion algebra. We then determine all PGL2(R)-conjugacy
classes of the groups Γ0. However, if Γ ( Γ0, then the number of conjugacy
classes of Γ is not necessarily equal to that of Γ0. In [19],[20] and [12], the
PGL2(R)-conjugacy classes for all of the groups Γ0 are classiﬁed except for
those of signatures (1;2,2), (0;2,2,2,2,2,2), and (2;0). For each group with
1one of these signatures, we determine a fundamental region and an explicit set
of generators using a computer program.
In the remainder of chapter, we give a brief overview of the theory of
arithmetic Fuchsian groups. This includes a small section with the deﬁnitions
and theorems in elementary number theory which ﬁgure prominently in our
methods. In Chapter 2, we classify all commensurability classes of derived
genus two surface groups using invariant quaternion algebras and arithmetic
data. Using Pari and estimates on the degree of the number ﬁeld, we ﬁnd
that there exist no derived arithmetic Fuchsian groups Γ of signature (2;0)
arising from quaternion algebras over number ﬁelds of degree greater than 5.
We list all possible quaternion algebras giving rise to the groups along with
the signatures and number of conjugacy classes of their unit groups, Γ1
O. In
Chapter 3, we describe the general technique used to ﬁnd a Ford fundamental
domain for an arithmetic Fuchsian group and we also prove some general
results on the structure of maximal orders in these quaternion algebras. In
Chapter 4, we exhibit the technique used to determine the Ford domain for a
few illustrative examples of Γ1
O. The Ford domain yields a list of generators
for Γ1
O and, hence, allows us to the determine the generators of the genus two
subgroup Γ explicitly. We show this for a few examples. Finally, we collect a
list of generators for the arithmetic groups Γ1
O of signatures (2;0), (1;2,2), and
(0;2,2,2,2,2,2) in Chapter 5.
1.1 Number Theoretic Preliminaries
In this section we collect some deﬁnitions and well-known theorems in
number theory that will be used to prove the main results.
21.1.1 Number Fields
A number ﬁeld k is a ﬁnite extension of Q of the form Q(α) where α is
a root of a monic irreducible polynomial f(x) ∈ Q[x]. The polynomial f(x) is
called the minimal polynomial of α and the degree d of f is the degree of the
extension |k : Q|.
The roots α1,...,αd of the minimal polynomal are called the conju-
gates of α. Each of the roots αi corresponds exactly to one of the d Galois
ﬁeld monomorphisms k → C via the assignment α 7→ αi. These ﬁeld monomor-
phisms are denoted by σ1,...,σd. Since f(x) ∈ Q[x], the roots αi are real or
pairs of complex conjugates. If σi(k) ⊂ R, the monomorphism σi is referred
to as real. Otherwise, the monomorphisms occur in complex conjugate pairs
(σi, ¯ σi) where σi(k) 6⊂ R. If we denote the number of real roots by r1 and
number of complex conjugate pairs by r2, then d = r1 + 2r2 and we say that
k has r1 real places and r2 complex places. We will be concerned with totally
real ﬁelds, i.e., the cases in which r2 = 0.
Let K denote the Galois closure of the extension k|Q. K is the com-
positum of the ﬁelds σi(k),1 ≤ i ≤ d. Recall that, for α ∈ k, the norm and
trace of α are deﬁned by:
Nk|Q(α) =
d Y
i
σi(α) Trk|Q(α) =
d X
i
σi(α).
If {α1,α2,...,αd} is a basis of the ﬁeld k|Q, then the discriminant of
{α1,α2,...,αd} is deﬁned by
disc{α1,α2,...,αd} = det[σi(αj)]
2 = det[Tr(αiαj)].
Note that disc{α1,α2,...,αd} is invariant under each σi ∈ Gal(K|Q) and,
hence, lies in its ﬁxed ﬁeld, Q.
3Let A be a ring contained in some ﬁeld k and x be an element of
k. Then x is integral over A provided that x satisﬁes an monic equation
xn + an−1xn−1 + ··· + a0 where ai ∈ A and n ∈ Z+. The set of elements of k
which are integral over A form a ring, called the integral closure of A in k.
The set of elements of a number ﬁeld k that are integral over Z is a
ring and is called the ring of algebraic integers and will be denoted by Rk. A
Z-basis for the abelian group Rk is called an integral basis of k. Furthermore,
the discriminant, dk, of a number ﬁeld k is the discriminant of any integral
basis of k.
Theorem 1.1.1. For any positive integer D, there are only ﬁnitely many
number ﬁelds k with |dk| ≤ D.
The relative discriminant for a ﬁnite extension of number ﬁelds `|k is
deﬁned as follows. Let `|k be a ﬁnite extension of number ﬁelds of degree
|` : k| = n. Let R` and Rk denote the rings of integers of ` and k, respectively.
The set {α1,...,αn} is a relative integral basis of `|k if it is an Rk-basis of R`.
However, since Rk is not necessarily a principal ideal domain and R` is not
necessarily a free Rk-module, a relative integral basis for the extension `|k need
not exist. If such a basis does exist, then the relative discriminant δ`|k is deﬁned
to be the ideal generated by the set of elements {disc{α1,α2,...,αd}} where
{α1,α2,...,αd} runs through the bases of `|k consisting of algebraic integers.
Furthermore, the (relative) discriminant disc`|k is related to the (absolute)
discriminant d` over Q by the following formula:
|d`| = |N(δ`|k)d
d
k|. (1.1)
41.1.2 Ideals and Factorization in Rings of Integers
Let R be a ring and K its quotient ﬁeld. A fractional ideal of R in K
is an R-module I contained in K such that there exists an element c 6= 0 in
R for which cI ⊂ R. A principal fractional ideal is an ideal of the form αR,
where α is a nonzero element of the quotient ﬁeld of R.
An integral domain D with ﬁeld of fractions K is called a Dedekind
domain provided the following three conditions hold:
1. D is Noetherian.
2. D is integrally closed in K.
3. Every nonzero prime ideal of D is maximal.
In addition, the set of fractional ideals of the ring of integers Rk of a
number ﬁeld k forms a free abelian group under multiplication and this group
will be denoted Ik. The subset PK of nonzero principal fractional ideals of D
is a subgroup of IK. The group CK = IK/PK of fractional ideals modulo the
group of principal ideals is called the ideal class group of D. The ideal class
group is ﬁnite and its order, h, is called the class number of K.
Theorem 1.1.2. Let Rk be the ring of integers in the number ﬁeld k. Then
Rk is a Dedekind domain and for any nonzero ideal Iof Rk, Rk/I is a ﬁnite
ring.
For a nonzero ideal I of Rk, the norm of I is deﬁned by
N(I) = |Rk/I|.
Note that the norm is multiplicative by the Chinese Remainder Theorem.
5Let D be a Dedekind domain, K its quotient ﬁeld, L a ﬁnite separable
extension of K, and R the integral closure of D in L. If D is a prime ideal of
D then pR is an ideal of R and has a factorization
pR = P
er
1 ···P
er
r
where, for each i, ei ≥ 1 and Rk/Pi is a ﬁnite ﬁeld of order pfi for some fi ≥ 1.
The primes Pi with ei > 1 are called ramiﬁed. Furthermore, if |k : Q| = d,
then d = Σeifi by multiplicativity of the norm.
1.1.3 Units
The units in the ring of integers Rk, denoted by R∗
k are deﬁned by:
R
∗
k = {α ∈ Rk|∃β ∈ Rk such that αβ = 1}.
The units form an abelian group under multiplication and α ∈ Rk is a unit if
and only if Nk|Q = ±1.
Theorem 1.1.3. For any number ﬁeld k,
R
∗
k = W × Z × Z × ··· × Z
where W is a ﬁnite cyclic group of even order consisting of the roots of unity
contained in k and the rank of R∗
k is r = r1 + r2 − 1.
The subgroup of squares of units in Rk will be denoted by R∗2
k .
1.1.4 Valuations
A valuation on an arbitrary ﬁeld K is a mapping v : K → R+ such that
6(i) v(x) ≥ 0 for all x ∈ K and v(x) = 0 if and only if x = 0.
(ii) v(xy) = v(x)v(y) for all x,y ∈ K.
(iii) v(x + y) ≤ v(x) + v(y) for all x,y ∈ K.
Two valuations v and w on K are equivalent if there exists an s ∈ R+
such that w(x) = [v(x)]s for x ∈ K.
If, in addition, the valuation v satisﬁes the property
(iv) v(x + y) ≤ max{v(x),v(y)}for all x,y ∈ K,
v is called a non-Archimedean valuation. If v is not equivalent to a valuation
satisfying property (iv), then v is called Archimedean.
Fact 1.1.4. Let v be a non-Archimedean valuation on K. Let
R(v) = {α ∈ K|v(α) ≤ 1} M(v) = {α ∈ K|v(α) < 1}.
Then R(v) is a local ring with unique maximal ideal M(v) and with ﬁeld of
fractions K.
The ring R(v) is called the valuation ring of K (with respect to v).
If k is a number ﬁeld, then one can explicitly determine all valuations
on k as follows. All Archimedian valuations are given by vσ = |σ(x)|, where
σ : K → C is a Galois embedding. Furthermore, vσ and vσ0 are equivalent
7if and only if (σ,σ0) are a complex conjugate pair. Let P be a prime ideal in
Rk and c a real number satisfying 1 < c < 0. For x ∈ Rk {0}, the valuation
deﬁned by vP(x) = cnP(x), where nP(x) is the largest integer m such that
x ∈ Pm, can be extended to k by vP(x/y) = vP(x)/vP(y). This valuation on k
is well-deﬁned and non-Archimedian.
The following theorem completely characterizes the valuations on a
number ﬁeld k.
Theorem 1.1.5. Let k be a number ﬁeld. Any non-Archimedean valuation on
k is equivalent to a P-adic valuation vP for some prime ideal P in Rk and any
Archimedean valuation on k is equivalent to a valuation vσ for some Galois
monomorphism of k.
The equivalence class of valuations is called a place, and the classes of
Archimedean and non-Archimedean places on k are referred to as the inﬁnite
places and ﬁnite places of k, respectively.
Finally, an element π ∈ Rk satisfying nP(π) = 1 is called a uniformizer
for vP. Then the unique maximal ideal P(vP) = πR(vP) and the quotient ﬁeld
R(vP)/πR(vP) coincides with the residue ﬁeld Rk/P.
1.2 Fuchsian Groups
In this section we give some general well-known results about arbitrary
Fuchsian groups. A Fuchsian group is a discrete subgroup of PSL2(R) that
acts properly discontinuously on the hyperbolic plane H2. A ﬁnitely gener-
ated Fuchsian group Γ of the ﬁrst kind has ﬁnite coarea, i.e., H2/Γ has ﬁnite
8hyperbolic area. Any such group Γ has the following standard presentation:
*
a1,b1,...,ag,bg,c1,...cr,p1 ...,ps|
g Y
i=1
[ai,bi]
r Y
j=1
cj
s Y
k=1
pk,c
m1
1 ,...,c
mr
r
+
,
where the ci represent the r conjugacy classes of maximal cyclic subgroups of
order mi for i = 1,...,r. The group Γ is said to have signature
(g;m1,...,mr;s). (1.2)
Note that Γ is cocompact if and only if s = 0. Since we will be
concerned only with cocompact groups, we will abbreviate the signature to
(g;m1,...,mr). Using the signature of a Fuchsian group, we can compute its
area using the Reimann-Hurwitz formula:
µ(Γ) := area(H
2/Γ) = 2π
 
2g − 2 +
r X
i=1
mi − 1
mi
!
(1.3)
Furthermore, if Γ1 < Γ are Fuchsian groups and |Γ : Γ1| = m then µ(Γ1) =
m · µ(Γ).
Two Fuchsian groups Γ1 and Γ2 are commensurable if they share a
ﬁnite index subgoup, i.e., |Γ1 : Γ1 ∩ Γ2| < ∞ and |Γ2 : Γ1 ∩ Γ2| < ∞. The
commensurability class of a group Γ is the collection of groups with which Γ
is commensurable.
1.3 Arithmetic Fuchsian Groups
Arithmetic Fuchsian groups are deﬁned via quaternion algebras over a
certain class of number ﬁelds. Let k be a totally real number ﬁeld and let A be
a quaternion algebra A over k, i.e., a four-dimensional central simple algebra
over k.
9Any quaternion algebra is isomorphic to an algebra
A =

a,b
k

where i2 = a,j2 = b,ij = −ji for some a,b ∈ k∗. The basis {1,i,j,ij} is
referred to as the standard basis of A.
For any element x = x0 + x1i + x2j + x3ij ∈ A, the conjugate ¯ x of x is
deﬁned by ¯ x = x0 − x1i − x2j − x3ij.
For x ∈ A the (reduced) norm and (reduced) trace of x lie in F and
are deﬁned by
n(x) = x¯ x and tr(x) = x + ¯ x.
The algebra A is ramiﬁed at the inﬁnite place σ of k if A ⊗σ(k) R ∼ =
H, where H denotes the Hamiltonian quaternions, and unramiﬁed at σ if
A ⊗σ(k) R ∼ = M2(R).
Similarly, if v is a ﬁnite place of k and kv the completion of k corre-
sponding to v, then A is ramiﬁed at v if A⊗kkv is a division algebra. Otherwise,
A is unramiﬁed at v and A ⊗k kv ∼ = M2(kv).
The ramiﬁcation set of A is denoted by Ram(A) and Ram(A) =
Ram∞(A) ∪ Ramf(A), where Ramf(A) is the set of ﬁnite places at which
A is ramiﬁed and Ram∞(A) is the set inﬁnite places of A at which A is ram-
iﬁed. The product of the primes at which A is ramiﬁed is denoted by ∆(A).
Furthermore, the cardinality of the full ramiﬁcation set of A is even, and con-
versely, for any set of places of k of even cardinility there exists a quaternion
algebra ramiﬁed at that set of places.
Let R denote the ring of integers of the number ﬁeld k. If V is a vector
space over k, an R-lattice L is V is a ﬁnitely generated R-module contained in
V . Moreover, L is complete if L ⊗R k ≡ V .
10An order O of A is a complete R-lattice which is also a ring with 1.
Furthermore, an order O is maximal if it is maximal with respect to inclusion.
In Section 3.1, we will discuss quaternion algebras and maximal orders
in more detail.
Let k be a totally real ﬁeld with |k : Q| = n and A a quaternion algebra
over k which is ramiﬁed at all but one real place. Then
A ⊗k R ∼ = M2(R) ⊕ H
n−1.
Let ρ be the unique k-embedding of A into M2(R). Then for a maximal
order O in A, the image under ρ of the group, O1, of elements of norm 1 in
O forms a ﬁnite coarea Fuchsian group. A subgroup Γ of PSL2(R) is an
arithmetic Fuchsian group if it is commensurable with some such Pρ(O1). In
addition, Γ is called derived from a quaternion algebra if Γ ≤ Pρ(O1). We
will denote Pρ(O1) by Γ1
O. Furthermore, the area formula of H2/Γ1
O can be
computed by using the the following formula [2]:
area(H
2/Γ
1
O) =
8πd
3/2
k ζk(2)ΠP|∆(A)(N(P) − 1)
(4π2)|k:Q| . (1.4)
Here, dk is the discriminant of the number ﬁeld k and ζk is the Dedekind
zeta function of the ﬁeld k deﬁned for Re(s) > 1 by ζk(s) =
P
I
1
N(I)s, where
the sum is over all ideals in the ring of integers of k, Rk.
Furthermore, if Γ is an arithmetic Fuchsian group, then the correspond-
ing quaternion algebra is uniquely determined up to isomorphism and is called
the invariant quaternion algebra of Γ. By a result of Takeuchi ([19]), two
arithmetic groups are commensurable if and only if their invariant quaternion
algebras are isomorphic.
11We will use the following two classical theorems on the existence and
uniqueness of quaternion algebras:
Theorem 1.3.1. Let A be a quaternion algebra over a number ﬁeld k. The
number of places v such that A is ramiﬁed at v is of even cardinality.
Theorem 1.3.2. Given a number ﬁeld k and a collection of inﬁnite places
S1 = {σ1,...,σr} and a collection of ﬁnite places S2 = {P1,...,Ps} of k
such that r + s is even, there exists a quaterion algebra deﬁned over k with
Ram∞(A) = S1 and Ramf(A) = S2.
Theorem 1.3.3. Let A and A0 be quaternion algebras over a number ﬁeld k.
Then A ∼ = A0 if and only if Ram(A) = Ram(A0).
Hilbert’s Reciprocity Law implies the following theorem about the ram-
iﬁcation set of a quaternion algebra over a number ﬁeld:
Since arithmetic Fuchsian groups are deﬁned over totally real ﬁelds k,
this implies |Ram∞(A)| = n − 1, where |k : Q| = n.
1.3.1 Number of Conjugacy Classes
The number of PGL2(R)-conjugacy classes of arithmetic groups will
depend on the Galois monomorphisms of the ﬁeld k and the number of conju-
gacy classes of maximal orders of the quaternion algebra A. We will be con-
cerned with PGL2(R)-conjugacy classes here, so unless otherwise mentioned
conjugacy class should be interpreted as PGL2(R)-conjugacy class.
For a maximal order O, the arithmetic group Γ
+
O is deﬁned by
Γ
+
O = {x ∈ A
∗|xOx
−1 = O}.
12Let O and O0 be two maximal orders in quaternion algebras A/k and A0/k0,
respectively. If the groups Γ
+
O and Γ
+
O0 are conjugate, then k and k0 are iso-
morphic and
xΓ
1
Ox
−1 = Γ
1
O0.
Theorem 1.3.4. ([21]) The groups Γ1
O and Γ1
O0 are conjugate if and only if
there exists a Q-isomorphism τ such that τ(A) = A0 and O0 = τ(aOa−1) with
a ∈ A.
The number of conjugacy classes of maximal orders in a quaternion
algebra A is ﬁnite and is called the type number of A. We will denote the
type number of a quaternion algebra A by t = t(A). It is the order of a
certain quotient of a ray class group group deﬁned over the number ﬁeld k
with modulus equal to the set of places at which A is ramiﬁed. Let k∗
∞ = {x ∈
k|σ(k) > 0 for all σ ∈ ∆(A)}. Then
t =
  

Ik
I2
kDPk,∞
  
, (1.5)
where Ik is the group of fraction ideals, D is the subgroup generated by all
prime ideals dividing the discriminant ∆(A), and Pk,∞ is the group of principal
ideals with generator in k∗
∞.
We remark that t divides
h∞ =
h2n−1
|R∗
k : R∗
k ∩ k∗
∞|
, (1.6)
where h is the class number of k and R∗
k is the group of units of Rk. In
many cases, h∞ = 1, and we will use this to show that t = 1. Moreover, if
Ramf(A) = ∅, then D = Rk implies t = h∞.
131.3.2 Torsion in Arithmetic Fuchsian Groups
Throughout this section and the remainder of the text, we will denote
a primitive m-th root of unity by ζm. The existence of torsion in an arithmetic
group Γ1
O deﬁned over a number ﬁeld k depends primarily on the subﬁelds of
k and the existence of embeddings of suitable quadratic extensions of k into
the invariant quaternion algebra A.
There are a number of results on the existence of torsion in arithmetic
Fuchsian groups which we will use extensively in our calculations.
One can employ the following general theorem ([18]) to detemine the
existence of torsion in Γ1
O:
Theorem 1.3.5. Let A be a quaternion algebra over a number ﬁeld k and let
`|k be a quadratic extension. Then ` embeds in A if and only if ` ⊗k kv is a
ﬁeld for each v ∈ Ramf(A).
Corollary 1.3.6. Let A be a quaternion algebra over a number ﬁeld k and
suppose |k(ζm) : k| = 2. Then if there exists a prime P ∈ Ramf(A) such that
P splits in k(ζm)|k, then the unit group Γ1
O of a maximal order O will contain
no elements of order m.
Proof. If P ∈ Ramf(A) splits in k(ζm)|k, then ` ⊗k kv has zero divisors and
hence ` does not embed in A by the above theorem.
The following theorem of Chinburg and Friedman can also be used to
determine the existence of torsion in an arithmetic group Γ1
O:
Theorem 1.3.7. ([3]) Let k be a number ﬁeld and A a quaternion division
algebra over k such that there is at least one inﬁnite place of k at which A is
unramiﬁed. Let Ω be a commutative Rk-order whose ﬁeld of quotients L is a
14quadratic extension of k such that L ⊂ A. Then every maximal order in A
contains a conjugate of Ω except possibly when the following conditions both
hold:
(a) L and A are unramiﬁed at all ﬁnite places and ramiﬁed at exactly
the same set of real places of k,
(b) all prime ideals P dividing the relative discriminant ideal dΩ|Rk of
Ω is split in L|k.
In number ﬁelds k whose extensions of Q are of odd degree, there exists
quaternion algebras A with Ramf(A) = ∅. In this case, we have the following
result about elements of order m in the group Γ1
O:
Lemma 1.3.8. Let k be a totally real number ﬁeld. Then every maximal
order in a quaternion algebra A ramiﬁed at all but one real place over a totally
real ﬁeld and with Ramf(A) = ∅ will contain elements of order m provided
Q(cos(2π/m)) ⊂ k.
Proof. Let ζm be a primitive m-th root of unity and suppose Q(cos(2π/m)) ⊂
k. Let k(λ) be a quadratic extension of k where λ satisﬁes
x
2 − (±2cos(2π/m))x + 1 = 0.
Then k(ζm) is a quadratic extension of k and embeds in A as k(λ). Since
k(ζm) is a totally imaginary extension of Q, all real places of k are ramiﬁed
in k(ζm)|k. Hence, condition (a) of the above theorem fails. Therefore, all
maximal orders of A will contain elements of orders m.
If a maximal order O in A contains elements of ﬁnite order, then we can
calculate the number of conjugacy classes, am, of maximal cyclic subgroups of
15order m in Γ1
O, provided {1,ζm}, where ζm = e2πi/m, is a relative integral basis
for the quadratic extension k(ζm)|k ([18]). In this case,
am =
h(k(ζm))
h|R∗
k(ζm) : R∗2
k(ζm)|
ΠP|D(A)

1 −

k(ζm)
P

, (1.7)
where h(k(ζm)) is the class number of k(ζm)|Q, h is the class number of k, and 
k(ζm
P

is the Artin symbol, which is equal to 1, 0, or -1, according to whether
P splits, ramiﬁes, or is inert, respectively, in the extension k(ζm)|k.
In the case k is a totally real ﬁeld, the relative class number h− for the
extension k(ζm)|k is deﬁned as
h
− =
h(k(ζm))
h(k)
∈ Z
(cf. [22] p.38).
In some cases, we can use the following lemma to simplify the above
torsion formula:
Lemma 1.3.9. Let k be a totally real number ﬁeld. If h(k(ζm))/h is odd, then
|R∗
k(ζm) : R∗2
k(ζm)| = 1.
Proof. Both quantities h(k(ζm))/h and |R∗
k(ζm) : R∗2
k(ζm)| depend only on the
number ﬁeld k and, hence, are independent of the quaternion algebra A. Since
|R∗
k(ζm) : R∗2
k(ζm)| is a ﬁnite 2-group, its order is 2m, for some non-negative
integer m. If |k : Q| is odd, then let A be a quaternion algebra unramiﬁed at all
ﬁnite places. Since an =
h(k(ζm))
h|R∗
k(ζm):R∗2
k(ζm)| ∈ Z, we must have |R∗
k(ζm) : R∗2
k(ζm)| = 1.
If |k0 : Q| is even, then let A be the quaternion algebra ramiﬁed at a prime P
such that P|p is ramiﬁed in the extension k|Q. Then

1 −

k(ζm
P

= 1 and
the argument follows as above .
16We will also make use of the following useful general fact (cf. [17] Ch.
10):
Fact 1.3.10. Let k be a totally real number ﬁeld such that dk is not divisible
by 2. Then {1,i} is a relative integral basis for k(i)|k. Likewise, if dk is not
divisible by 3, then {1,ω} is a relative integral basis for k(ω)|k (ω is a primitive
third root of unity).
The following lemma will also be helpful in our calculations.
Lemma 1.3.11. Suppose that k is a totally real number ﬁeld, and 2 and 3 are
unramiﬁed in k|Q. Then
|R
∗
k(i) : R
∗2
k(i)| = |R
∗
k(ω) : R
∗2
k(ω)| = 1 (1.8)
The proof of the above lemma uses the following result ([15]):
Theorem 1.3.12. Let k be a totally real number ﬁeld, and K a totally imagi-
nary quadratic extension of k. Then every unit  of K has the form  = ζ · η,
where ζ is a root of unity with ζ2 ∈ K and η is a real unit with η2 ∈ k.
Proof of Lemma 1.3.11: Let us ﬁrst consider the case k(i). Since 2 does not
divide the discriminant of k, {1,i} is a relative integral basis for the extension
k(i)|k. Suppose that cos( π
m) + isin( π
m) is a root of unity in k(i). Then, since
this is also an algebraic integer, it can be written as a + bi, where a,b ∈ Rk.
Now, the only solutions of cos( π
m) + isin( π
m) = a + bi correspond to the units
±1 and ±i. By Theorem 1.3.12, any unit  of k(i) is of the form  = ζ · η,
where ζ2 = ±1,±i and η ∈ k is a real unit. Again, using the relative integral
basis, let  = a + bi for some a,b ∈ Rk. Now, any unit  ∈ k(i) must satisfy
the equation:

2 = ζ
2η
2 = (a + bi)
2 = (a
2 − b
2) + 2abi.
17In light of Theorem 1.3.12, there are two possible cases to consider:
Case 1: ±iη2 = (a2 − b2) + 2abi.
Case 2: ±η2 = (a2 − b2) + 2abi.
In Case 1, the solution is a ± b and iη2 = ±2a2i. Since a is real, this implies
η2 = 2a2. But since a is an algebraic integer, 2a2 is not a unit. Therefore,
no unit  corresponds to this case. In Case 2, either a = 0 or b = 0. Hence,
±η2 = a2 or b2, and since a,b ∈ k, this implies ±η ∈ k. Therefore, the units
in k(i) are of the form  = ±iη and
Nk(i)|k() = Nk(i)|k(±η) = η
2.
This means that every unit of k(i) has norm lying in R∗2
k , and so
|R
∗
k(i) : R
∗2
k(i)| = 1.
The proof for k(ω) is similar.
Furthermore, in light of (1.1), if km = Q(cos(2π/m)) ⊂ k, then |km : Q|
divides |k : Q| and dkm divides dk. We will use this fact frequently to determine
which periods can arise in the various number ﬁelds k. With this in mind, we
list the discriminants of cyclotomic ﬁeld Q(ζp) and its proper subﬁeld kp =
Q(cos(2π/p)) when p > 3 is a prime.
Proposition 1.3.13. Let p > 3 be a prime. Then:
1. |kp : Q| =
p−1
2 .
2. dQ(ζp) = pp−2.
3. dkp = p
p−3
2 .
18Proof. This ﬁrst part follows from the fact that |Q(ζp) : Q| = p − 1 and kp
is a proper subﬁeld of index 2 corresponding to the ﬁxed ﬁeld of complex
conjugation. The second and third parts can be found in [22] p. 9, p. 28,
respectively.
One can use these facts to determine which number ﬁelds contain kp as
a proper subﬁeld since if kp ⊂ k, then d
|k:kp|
kp divides dk.
19Chapter 2
Classiﬁcation of Derived Arithmetic Groups of
Genus Two
In this chapter, we give a complete list of commensurability classes of
derived genus two surface groups by invariant quaternion algebra. First, we
list all possible signatures for Fuchsian groups which can contain a surface of
genus two. Then we use arithmetic data to determine all groups Γ1
O with one
of these signatures.
2.1 Existence of Genus Two Subgroups
The existence of torsion-free subgroups of a given index in a Fuchsian
group of any signature is characterized in the following theorem:
Theorem 2.1.1 ([6]). Let Γ be a ﬁnitely generated Fuchsian group with the
standard presentation:
< a1,b1,...,ag,bg,c1,...cr,p1 ...,ps|
n Y
i=1
[ai,bi]
r Y
j=1
cj,
s Y
k=1
pk,c
m1
1 ,...,c
mr
r >,
Then Γ has a torsion free subgroup of ﬁnite index k ≥ 1 if and only if k is
divisible by 2λ, where λ = LCM(m1,...,mr), and  = 0 if Γ has even type,
while  = 1 if Γ has odd type. (Γ has odd type if s = 0, λ is even, but λ/mi is
odd for exactly an odd number of mi; otherwise Γ has even type.)
20Lemma 2.1.2. Let Γ be a cocompact Fuchsian group containing a genus
two surface group. Then Γ has one of the following signatures: (0;2,3,7),
(0;2,3,8), (0;2,3,9), (0;2,3,10), (0;2,3,12), (0;2,4,5), (0;2,4,6), (0;2,4,8),
(0;2,4,12), (0;2,5,5), (0;2,5,6), (0;2,5,10), (0;2,6,6), (0;2,8,8), (0;3,3,4),
(0;3,3,5), (0;3,3,6), (0;3,3,9), (0;3,4,4), (0;3,6,6), (0;4,4,4), (0;5,5,5),
(0;2,2,2,3), (0;2,2,2,4), (0;2,2,2,6), (0;2,2,3,3), (0;2,2,4,4), (0;3,3,3,3),
(0;2,2,2,2,2), (0;2,2,2,2,2,2), (1;2), (1;3), or (1;2,2).
Proof. If Γ1 is a genus two surface subgroup of Γ, then Nµ(Γ) = µ(Γ1) = 4π,
where N = |Γ : Γ1|. This implies µ(Γ1
O) ≤ 4π. In particular, the genus
g of Γ must be less than or equal to 2. Furthermore, by Theorem 2.1.1,
λ = LCM(m1,...,mr) divides the index N. This gives us bounds on the
possible torsion of Γ. In particular, for ﬁxed g, this gives us an upper bound
on the number of conjugacy classes of elliptic elements.:
(1) If g = 0, then Γ has at most six conjugacy classes of elliptic elements.
(2) If g = 1, then Γ has at most two conjugacy classes of elliptic elements.
(3) If g = 2, then Γ has no elliptic elements and Γ = Γ1.
For example, suppose g = 0 and Γ has four conjugacy classes of elliptic
elements xi of order mi, 1 ≤ i ≤ 4. By the Riemann-Hurwitz formula (1.3),
µ(Γ) = 2π(−2 +
4 X
i=1
mi − 1
mi
).
Therefore, if Γ contains a torsion-free subgroup of genus two, then
Nµ(Γ) = 2nπ(−2 +
4 X
i=1
mi − 1
mi
) = 4π = µ(Γ1).
21This translates to the existence of integers N, mi, 1 ≤ i ≤ 4 satisfying the
equation:
4 X
i=1
mi − 1
mi
=
2
N
+ 2, (2.1)
where in addition, λ = LCM(m1,...,m4) divides N. Since µ(Γ) > 0, there
exists at least one xi with order mi > 2. Also, we can deduce the following:
(i) There cannot exist more than two distinct mi corresponding to the xi,
(ii) If mi > 2 for all 1 ≤ i ≤ 4, then m1 = ··· = m4 = 3.
This is due to the fact that, in both these cases, N > λ ≥ 12 and this gives
the contradiction:
29
12
≤
4 X
i=1
mi − 1
mi
=
2
N
+ 2 ≤
26
12
.
W.l.o.g, suppose x1 ≤ x2 ≤ ··· ≤ x4.
Case 1: m1 = m2 = m3 = 2 and m4 = m > 2.
In this case, equation (2.1) becomes
3
2
+
m − 1
m
=
2
N
+ 2 ⇐⇒
m − 1
m
=
2
N
+
1
2
.
The solution m = N = 6 gives the maximal value of m. The only other
solutions in this case occur when (m,N) = (3,12),(4,8).
Case 2: m1 = m2 = 2 and m = m3 = m4 > 2.
Again, equation (2.1) translates to
1 +
2(m − 1)
m
=
2
N
+ 2 ⇐⇒
2(m − 1)
m
=
2
N
+ 1.
22Again, the case m = N gives the maximal value for m and this occurs when
m = N = 4. The only other possible solution occurs when (m,N) = (3,6).
Case 3: m1 = 2 and m = m2 = m3 = m4 > 2.
Again, equation (2.1) translates to
1
2
+
3(m − 1)
m
=
2
N
+ 2;
and one checks that there exist no integer solutions to this equation.
Case 4: m = m1 = m2 = m3 = m4 > 2.
In this situation,
4(m − 1)
m
=
2
N
+ 2,
and m = N = 3 is the only solution. The existence of a torsion-free sub-
group of index N for the solutions obtained in each of these case is guar-
anteed by Theorem 2.1.1. Therefore, the only Fuchsian group of signature
(0;x1,x2,x3,x4) containing a torsion-free subgroup of genus 2 are (0;2,2,2,3),
(0;2,2,2,4), (0;2,2,2,6), (0;2,2,3,3), (0;2,2,4,4), and (0;3,3,3,3). In this
manner, we analyze torsion in groups of a ﬁxed signature to obtain the list in
the Lemma.
Proposition 2.1.3. There exist no derived torsion-free genus two groups aris-
ing from quaternion algebras over number ﬁelds of degree greater than 5.
Proof. If Γ1
O contains a genus two surface group Γ of index M = |Γ1
O : Γ|, then
µ(Γ) = 4π = Mµ(Γ
1
O) = N
8πd
3/2
k ζk(2)ΠP|∆(A)(N(P) − 1)
(4π2)|k:Q| . (2.2)
In particular, this implies
4π ≥
8πd
3/2
k ζk(2)ΠP|∆(A)(N(P) − 1)
(4π2)|k:Q| . (2.3)
23Note that
ζk(2)
Y
P|∆(A)
(N(P) − 1) >
Y
P|∆(A)
(N(P))2
(N(P) + 1)
≥

1 if |k : Q| is odd
4/3 if |k : Q| is even .
(2.4)
Using ΠP|∆(A)(N(P) − 1) ≥ 1 and ζk(2) ≥ 1 in the above inequality
gives
4π ≥
8πd
3/2
k
(4π2)|k:Q| (2.5)
We now use Odlyzko’s lower bounds on the discriminant of a number ﬁeld to
get an upper bound on the degree of k:
|dk| ≥ A
n−2B
2e
−E,
where n = |k : Q|,A = 24.987,B = 13.157, and E = 6.9934 for all n. Using
these estimates in inequality (2.3) gives that n ≤ 8. However, in degrees
n = 7 and 8, the smallest discriminants of a totally real ﬁeld are 20,134,393
and 282,300,416, respectively ([4] and [16]). In each case, inequality (2.5) is
violated:
4π ≥
8πd
3/2
k
(4π2)|k:Q| ≥
(
8π(20134393)3/2
(4π2)7 ∼ 15.1925 > 4π
8π(282300416)3/2
(4π2)8 ∼ 20.2036 > 4π
Hence, there cannot exist derived groups of genus two for n ≥ 7.
To eliminate the case [k : Q] = 6, we again exploit the area formula
(1.4) and inequality (2.4) to the following inequality:
µ(Γ) = 4π ≥ |Γ
1
O : Γ|
8πd
3/2
k ζk(2)ΠP|∆(A)(N(P) − 1)
(4π2)6 ≥
32πd
3/2
k
3(4π2)6.
This gives us the following upper bound on the discriminant dk:
dk ≤

3(4π2)6
8
2/3
< 1263165. (2.6)
24According to the lists from [4], there are 20 number ﬁelds k of degree 6 satisfy-
ing the above inequality (see Appendix A). For each ﬁeld k, we investigate the
behavior of small primes and/or estimate ζk(2) using Pari. Since n = 6, we
must have that |Ramf(A)| 6= ∅. Therefore, ΠP|∆(A)(N(P) − 1) ≥ N(P0) − 1,
where P0 is the prime of smallest of norm in k.
For example, consider the totally real ﬁeld k of degree 6 and discrimi-
nant dk = 722000. The minimal polynomial for k is f(x) = x6 − x5 − 6x4 +
7x3 +4x2 −5x+1. By Pari, we ﬁnd that the prime of smallest norm in Rk is
the unique prime P lying over 2 with N(P) = 4. This implies that any group
Γ1
O deﬁned over k has volume at least
8πd
3/2
k ζk(2) · 3
(4π2)6 =
21π
5
> 4π.
Hence, there exist no derived genus two surface groups deﬁned over the number
ﬁeld k. In this fashion, we obtain a contradiction to the inequality µ(Γ) ≤ 4π
for each totally real ﬁeld k satisfying (2.6).
2.2 Classiﬁcation by Invariant Quaternion Algebra
Johansson ([8]) has determined the signatures of all derived arithmetic
groups arising from quaternion algebras over number ﬁelds of degree less than
or equal to 2, so we will be concerned with ﬁelds of degree |k : Q| > 2.
Combining Lemma 2.1.2 and our results with the relevant results in [8],[12],
and [19], we obtain following theorem.
Theorem 2.2.1. The following is a complete list of all Γ1
O containing a derived
genus two surface group Γ arising from quaternion algebras over totally real
number ﬁelds. We also list the number of conjugacy classes c of the groups Γ1
O
for each case.
25[k : Q] dk ∆(A) |Γ1
O : Γ| Γ1
O c
1 1 2 · 3 6 (0;2,2,3,3) 1
1 1 2 · 5 3 (0;3,3,3,3) 1
1 1 2 · 7 2 (1;2,2) 1
1 1 2 · 13 1 (2;0) 1
2 5 P2 20 (0;2,5,5) 1
2 5 P5 15 (0;3,3,5) 1
2 5 P11 6 (0;2,2,3,3) 1
2 5 P0
11 6 (0;2,2,3,3) 1
2 5 P31 2 (1;2,2) 1
2 5 P0
31 2 (1;2,2) 1
2 5 P61 1 (2;0) 1
2 5 P0
61 1 (2;0) 1
2 8 P2 24 (0;3,3,4) 1
2 8 P5 1 (2;0) 1
2 12 P2 12 (0;3,3,6) 1
2 12 P3 6 (0;2,2,2,6) 1
2 12 P13 1 (2;0) 1
2 12 P0
13 1 (2;0) 1
2 13 P13 1 (2;0) 1
2 17 P2 6 (0;2,2,3,3) 1
2 17 P0
2 6 (0;2,2,3,3) 1
2 24 P3 2 (0;2,2,2,2,2,2) 1
2 28 P2 3 (0;3,3,3,3) 1
26[k : Q] dk ∆(A) |Γ1
O : Γ| Γ1
O c
3 49 P2P7 2 (1;2,2) 1
3 49 ∅ 84 (0;2,3,7) 1
3 81 ∅ 36 (0;2,3,9) 1
3 148 P2P13 1 (2;0) 3
3 148 P2P5 3 (0;3,3,3,3) 3
3 148 ∅ 12 (0;2,2,2,3) 3
3 169 ∅ 12 (0;2,2,2,3) 1
3 229 ∅ 6 (0;2,2,3,3) 4
3 229 P2,P0
2 2 (1;2,2) 3
3 257 ∅ 6 (0;2,2,3,3) 4
3 316 P2,P0
2 3 (0;3,3,3,3) 3
4 725 P61 1 (2;0) 2
4 725 P0
61 1 (2;0) 2
4 725 P31 2 (1;2,2) 2
4 725 P0
31 2 (1;2,2) 2
4 725 P2 4 (1;2) 2
4 725 P11 6 (0;2,2,3,3) 2
4 725 P0
11 6 (0;2,2,3,3) 2
4 1125 P2 2 (1;2,2) 1
4 1957 P7 2 (1;2,2) 4
4 1957 P3 6 (0;2,2,3,3) 4
4 2000 P5 2 (0;3,3,3,3) 2
4 2304 P3 1 (2;0) 1
4 2777 P2 6 (0;2,2,3,3) 1
4 3981 P3 2 (0;2,2,2,2,2,2) 4
4 4352 P2 6 (0;3,3,3,3) 1
4 4752 P2 1 (2;0) 2
5 24217 ∅ 12 (0;2,2,2,3) 5
5 36497 ∅ 6 (0;2,2,3,3) 6
5 38569 ∅ 6 (0;2,2,3,3) 6
Remark 2.2.2. Using a theorem of Greenberg ([7]) on maximal Fuchsian
groups in conjunction with the results in ([12]),([19]),and ([20])), all the con-
jugacy classes for the groups Γ1
O listed above are known except for those with
signatures (1;2,2), (0;2,2,2,2,2,2), and (2;0).
27Before beginning the proof of Theorem 2.2.1, we need the following
lemma:
Lemma 2.2.3. If A is a quaternion algebra deﬁned over a totally real ﬁeld
ramiﬁed at all but one inﬁnite place and unramiﬁed at all ﬁnite places, then
Γ1
O contains elements of orders 2 and 3. Furthermore, if Ramf(A) = ∅, and
Γ is a genus two surface group contained in Γ1
O for a O a maximal order in A,
then 6||Γ1
O : Γ|.
Proof. Since Ramf(A) is empty, by Lemma 1.3.8, there is no obstruction to
embedding L in O, where L ∼ = Q(i),Q(ω) (where ω is a primitive third root of
unity). Therefore, any order O in A will contain elements of orders 2 and 3. By
Theorem 2.1.1, if Γ1
O has signature (g;x1,...,xr) and Γ ⊂ Γ1
O is torsion-free,
then 6 divides λ which divides |Γ1
O : Γ|.
This lemma will be particularly useful in the case |k : Q| odd, since
Ramf(A) = ∅ is a possibility in this case.
The proof of Theorem 2.2.1 is an exhaustive one. Rather than go
through an analysis of each number ﬁeld that can possibly correspond to an
arithmetic group of one of the signatures (1;2,2), (0;2,2,2,2,2,2), or (2;0),
we give an idea of the overall approach by giving a few illustrative examples.
2.3 Proof of Theorem 2.2.1.
The proof is organized by the degree of the number ﬁeld.
282.3.1 Quintic Number Fields
Lemma 2.3.1. For |k : Q| = 5, the only derived groups of of signature (2;0)
arise from quaternion algebras over the totally real ﬁelds of discriminants dk =
38569, 36497, and 24217.
Proof. Suppose there exists derived arithmetic group Γ < Γ1
O of genus two
which is deﬁned over the number ﬁeld k. Using ζk(2) ≥ 1,
Q
P|∆(A)(N(P)−1) ≥
1 in (1.4) we get that
dk ≤ 131981.
However, if Ramf(A) = ∅, the index M = [Γ1
O : Γ] ≥ 6 by the Lemma
2.2.3. Substituting back into the area formula (1.4) gives dk ≤ 39970. Thus,
for those ﬁelds with 39970 ≤ dk ≤ 131981, we analyze the behavior of small
primes in k to determine which ramiﬁcations sets are possible for each ﬁeld k.
According to the lists [4], there are 15 number ﬁelds with dk < 131981 (see
Appendix A). In a few cases, small primes do exist, but we can investigate
torsion to eliminate these cases.
For example, let k be the number ﬁeld with discriminant dk = 106069.
Using the minimal polynomial f(x) = x5 − 2x4 − 4x3 + 7x2 + 3x − 4 in Pari,
we compute that
8π1060693/2ζk(2)
(4π2)5 = 4π.
Furthermore, there exists a unique prime P2 of norm 2 in Rk. Therefore, if
we take a quaternion algebra A ramiﬁed at all but one inﬁnite place and at
the prime P2, then for a maximal order O in A, µ(Γ1
O) = 4π. However, by the
torsion formula (1.7), a3 6= 0 here since P2 is inert in k(ω)|k. Hence, Γ1
O is not
torsion-free, and since µ(Γ1
O) = 4π, it cannot contain a genus two group.
29The case dk = 38569 yields a positive result. By Pari, using the minimal
polynomial f(x) = x5 − 5x3 + 4x − 1 for k, we ﬁnd that
8π385693/2ζk(2)
(4π2)5 =
2π
3
.
So if Γ ⊂ Γ1
O has signature (2;0), then the following equation must be satisﬁed:
4π = µ(Γ) = Mµ(Γ
1
O) = M
2π
Q
P|∆(A)(N(P) − 1)
3
, (2.7)
where M = |Γ1
O : Γ|.
The only solution to this equation occurs if M = 6, and Ramf = ∅.
Since dk = 38569 is prime, by (1.1), k contains no proper subﬁelds other than
Q. Thus, the only possibilities for elements of ﬁnite order in O are 2 and 3.
By Lemma 2.2.3, any group Γ1
O contains elements of orders 2 and 3. So, in
this case we get
µ(Γ
1
O) =
2π
3
= 2π

2g − 2 +
a2
2
+
2a3
3

.
We see that the only solution to this equation is a2 = a3 = 2. Hence, Γ1
O has
signature (0;2,2,3,3) in this case. Furthermore, Theorem 2.1.1 guarantees the
existence of a torsion-free subgroup of index 6.
The ﬁelds with discriminants dk = 36497,24217 are the only other
number ﬁelds yielding positive results.
2.3.2 Quartic Number Fields
For [k : Q] = 3,4, there are more possibilities for torsion. This com-
plicates matters slightly, but in many cases, we can still use Theorem 1.7 to
determine the signature of Γ1
O.
30For |k : Q| = 4, we must have Ramf 6= ∅. However, there are more
possibilities for torsion as we now show.
Lemma 2.3.2. Let k be a totally real number ﬁeld with |k : Q| = 4 and
denote by km the ﬁeld Q(cos(2π
m)). Then |km : Q| has degree dividing 4 for the
following values of m: 2,3,4,5,6,8,10,12,15.
Proof. The periods 2 and 3 are always possible since Q is a proper subﬁeld
of k. The quadratic ﬁelds k4 = Q(
√
2), k5 = Q(
√
5), k6 = Q(
√
3) can be
possible proper subﬁelds of k, which yield 4,5,6. We examine the cyclotomic
ﬁelds ζm denote a primitive m-th root of unity for which |Q(ζm) : Q| = 4,8.
If m is odd, then km will be a proper subﬁeld of index two, |km : Q| = 4. If
m is even, we need to account for the fact that −Id ∼ Id in PSL2(R); this
means |km : Q| = degΦm, where Φm(x) is the m-th cyclotomic polynomial.
By Prop. 1.3.13, there are no rational primes p with |Q(ζp) : Q| = 4. If
m is a prime power pk, then degΦ = pk−1(p − 1) = 4. The only solution in
this case occurs when p = 2 and k = 3 and, hence, 8 is a possible period.
If m = p
k1
1 ···pk1
r , then degΦm = p
k1−1
1 (p1 − 1)···pkr−1
r (pr − 1). Analyzing
solutions to this equation when degΦm = 4,8 yield the periods 10,12,15. This
completes the proof of the lemma.
Using equation 2.2 in conjuction with inequality (2.4), we obtain the
following inequality when |k : Q| = 4:
4π ≥
32πd
3/2
k
3(4π2)4.
Therefore,
dk ≤

3(4π2)4
8
2/3
< 9397.
31There are 48 number ﬁelds with discriminants satisfying the above inequality
on the lists from [4]. We list these number ﬁelds in Appendix A. Again, we
eliminate all ﬁelds except those listed in Theorem 2.2.1 by estimating ζk(2)
and examining the factorization of small primes using Pari.
Lemma 2.3.3. There exist no derived genus two groups deﬁned over the totally
real ﬁeld k with dk = 5744.
Proof. The minimal polynomial for k is f(x) = x4 −5x2 −2x+1. Using Pari,
we compute that
8π57443/2ζk(2)
(4π2)4 =
5π
3
.
Hence, a genus torsion-free genus two subgroup Γ of index M = |Γ1
O : Γ|
corresponds to a solution of the equation
5M
3
Y
P|∆(A)
(N(P) − 1) = 4.
But as M,N(P) ∈ Z, this clearly has no solution.
We now list some positive results for the case |k : Q| = 4.
Lemma 2.3.4. Let k be the totally real number ﬁeld with dk = 3981. Then
the only derived arithmetic group of signature (2;0) deﬁned over k arises from
the quaternion algebra A with Ramf(A) = P3, where P3 is the unique prime
in k lying over 3. Furthermore, there is only one conjugacy class of derived
groups of this signature over k.
Proof. The number ﬁeld k is equal to Q(α) where α is a root of the polynomial
f(x) = x4 −x3 −4x2 +2x+1. Since dk = 3·1327, k contains no other proper
32subﬁeld other than Q; the only possible non-trivial elements of ﬁnite order of
Γ1
O are those of order 2 or 3. By Pari, we compute
8π39813/2ζk(2)
(4π2)4 = π.
Therefore, if there exists a subgroup Γ of signature (2;0) of index M = |Γ1
O : Γ|,
then
M
Y
P|∆(A)
(N(P) − 1) = 4. (2.8)
This implies that N(P) ≤ 5 for any prime P ∈ Ramf(A). By Pari, we ﬁnd
that there are only two primes in Rk with norm less than 5: P3 and P5 with
N(P3) = 3 and N(P5) = 5.
Now, M = 1,Ramf(A) = {P5} is a possible solution to (2.8). However,
P5 is inert in k(ω)|k, hence a3 6= 0. By (2.1.1), 3|M = 1, and this gives a
contradiction.
We also have M = 2 and Ramf(A) = {P3} as a possible solution to
(2.8). Furthermore, 6 - dk, so by Lemma 1.3.10 we can calculate a2 = 6 and
a3 = 0 using (1.7). Since these are the only possible periods for this number
ﬁeld, Γ1
O must have signature (0;2,2,2,2,2,2); ﬁnally, Γ1
O contains a torsion
free subgroup Γ of index 2 by Theorem 2.1.1 and since vol(Γ) = 4π, Γ has
signature (2;0).
Since the extension k|Q is not Galois and k contains no proper subﬁelds
other than Q, the groups corresponding to the various Galois monomorphisms
each contribute at least one conjugacy class. For each of these quaternion
algebras, we determine the type number by analyzing the embeddings of the
units. By Pari, a fundamental system of R∗
k is {−1,α,α−1,α2 +α−1}. The
signs of these generators at the various embeddings are shown in the table
33below:
α α − 1 α2 + α − 1
α1 ∼ −1.7508 − − +
α2 ∼ −0.3184 − − −
α3 ∼ 0.7853 + − +
α4 ∼ 2.2840 + + +
For each choice of unramiﬁed real place σi, h∞ = 1. Hence, there are four
distinct conjugacy classes of groups of signature (0;2,2,2,2,2,2) deﬁned over
this particular k.
Lemma 2.3.5. Let k = Q(
√
2,
√
3) be the number ﬁeld with dk = 2304. The
only derived arithmetic group of signature (2;0) arising from a quaternion
algebra A over k has Ramf(A) = P3 where P3 is the unique prime of norm 9
in k.
Proof. The periods 2,3,4,6,12 are all obvious possibilities for torsion since Q,
Q(
√
2), Q(
√
3),Q(
√
6) are proper subﬁelds of k. By Lemma. 2.3.2 and using
the fact that 5 - 2304 = 28 · 32, these are the only possibilities. In this case,
the k = Q(α), where α is a root of the polynomial f(x) = x4 −4x2 +1. Using
Pari, we compute that
8π23043/2ζk(2)
(4π2)4 =
π
2
.
Therefore, the existence of a torsion-free genus two subgroup amounts to the
solution of the equation
M
Y
P|∆(A)
(N(P) − 1) = 8. (2.9)
The only primes P with (N(P) − 1) dividing 8 are the unique primes P2 and
P3 of norms 2 and 9, respectively. Since |Ramf(A)| is odd, the only solution
to (2.9) is M = 1 and Ramf(A) = {P3}. Since P3 is inert in both k(i)|k and
k(ω)|k, for any maximal order O, Γ1
O will contain no elements of orders 2 or
343 by Theorem 1.3.6. This also implies Γ1
O contains no elements of order 4,6,
or 12; therefore, Γ1
O is torsion-free and has therefore has genus 2. Since k|Q is
Galois, there is only one conjugacy class of arithmetic groups Γ1
O deﬁned over
k.
Lemma 2.3.6. Let k be the number ﬁeld with dk = 1957. Then the only
derived arithmetic groups of signature (2;0) arising from a quaternion algebra
A over k containing genus two subgroups are those listed in Theorem 2.2.1.
Proof. The number ﬁeld k with discriminant dk is equal to Q(α) where α
is a root of the polynomial f(x) = x4 − 4x2 − x + 1. Furthermore, since
dk = 1957 = 19·103, k contains no proper subﬁelds other than Q. Using Pari,
we compute that
8π19573/2ζk(2)
(4π2)4 =
π
3
.
Again, we consider solutions to the equation
4π = M
π
Q
P|∆(A)(N(P) − 1)
3
,
or equivalently,
M
Y
P|∆(A)
(N(P) − 1) = 12, (2.10)
by analyzing the primes in Rk. In particular, any prime P in the ramiﬁcation
set of A has norm at most 13. The rational primes 2,5, and 13 remain prime
in the extension k|Q, so they cannot lie in Ramf(A). By Pari, there are two
primes P3 = (3,1 + α)Rk and P0
3 lying over 3, with norms N(P3) = 3 and
N(P0
3) = 9. Also, we check that N(α−2) = 3 by Pari, so that P3 = (α−2)Rk.
Similarly, there exists a prime P7 = (7,4 + α)Rk = (2α + 1)Rk of norm
7. Coupling this with the fact that |Ramf(A)| is odd, we get that the only
35possible solutions (M,Ramf(A)) to the above equation are: (6,P3) and (2,P7).
The quaternion algebras with Ramf(A) = {P3} appear in the lists of [12] and
the unit groups Γ1
O are of signature (0;2,2,2,3) in this case.
Let us consider the algebra with Ramf(A) = {P7}. Since 6 - 1957 and
k contains no other proper subﬁelds other than Q, Γ1
O can only have elements
of orders 2 and 3 and we can compute the number of elements of orders 2 and
3 using formula (1.7). Since P7 splits in k(ω)|k, Γ1
O contains no elements of
order 3. Since P7 is inert in k(i)|k, and h(k(i)) = 1, there are two conjugacy
classes of elements of order 2. Therefore, any group Γ1
O arising from A has
signature (1;2,2).
In order to determine the conjugacy classes of the groups Γ1
O, we again
analyze the behavior of the units R∗
k at the various embeddings αi. The set
{−1,α,α−1,α+2} is a fundamental system of units for R∗
k and the following
table encodes the signs of the generators:
α α − 1 α + 2
α1 ∼ −2.0615 − − −
α2 ∼ −0.3963 − − +
α3 ∼ 0.6938 + − +
α4 ∼ 1.7640 + + +
.
Since the extension k|Q is not Galois and contains no proper subﬁelds, we
again get at least one conjugacy class corresponding to the algebra unramiﬁed
at the place αi,1 ≤ i ≤ 4. The class number of k is 1, so h∞ = R∗
k/R∗
k ∩ k∗
∞.
By the table above, we see that for each choice of σi, h∞ = 1 for the algebra
unramiﬁed at σi. Therefore, there are exactly four conjugacy classes of groups
of signature (1;2,2) arising from quaternion algebras deﬁned over k.
362.3.3 Cubic Number Fields
Lemma 2.3.7. The only possibly periods of elements of ﬁnite order that can
arise in Γ1
O deﬁned over ﬁelds k with |k;Q| = 3 are 2,3,7, and 9.
Proof. Since k can contain no other proper subﬁeld other than Q, 2 and 3
are the only possibly periods than can arise from proper subﬁelds of k. By
Prop. 1.3.13, the prime 7 is the only prime for which |kp : Q| = 3. In fact,
k7 = Q(cos(2π/7)) is the totally real ﬁeld with discriminant 49. For prime
powers m = pk, the only ﬁeld Q(ζm) with |Q(ζm) : Q| = 6 is m = 9. This
corresponds to the totally real ﬁeld of discriminant 81. There are no composite
m for which |Q(ζm) : Q| = 6; this ﬁnishes the proof.
If [k : Q] = 3, we have Ramf(A) = ∅ as a possibility. As in the
case [k : Q] = 5, this helps to simplify the process immensely, since this
implies dk ≤ 297. If Ramf(A) 6= ∅, then dk ≤ 981. On the lists [4], there
are 25 number ﬁelds k with discriminants satisfying the latter inequality (see
Appendix A). The cases k = cos(2π
9 ),dk = 81 and, k = cos(2π
7 ),dk = 49, where
9 and 7, respectively, are possible periods require special examination. We
analyze the latter case in detail below.
Lemma 2.3.8. There exist no derived arithmetic Fuchsian groups of genus
two arising from a quaternion algebra deﬁned over the cubic number ﬁeld of
discriminant 361.
Proof. The ﬁeld k has deﬁning minimal polynomial f(x) = x3 − x2 − 6x + 7.
Using Pari, we compute
8π3613/2ζk(2)
(4π2)3 = π.
37By the preceding comments, if Ramf(A) 6= ∅. Now the equation
4π = µ(Γ) = Mµ(Γ
1
O) = Mπ
Y
P|∆(A)
(N(P) − 1) (2.11)
has no solutions, as 2, 3, and 5 are inert in k|Q. Therefore, there are no derived
arithmetic groups of genus two deﬁned over k.
Lemma 2.3.9. For k = cos(2π
7 ), the only possible Γ1
O containing Γ are those
listed in Theorem 2.2.1.
Proof. Fix f(x) = x3 − x2 − 2x + 1 as the minimal polynomial for k. Again,
using Pari, we get
8π493/2ζk(2)
(4π2)3 =
π
21
.
Thus,
4π = µ(Γ) = Mµ(Γ
1
O) = M
π
Q
P|∆(A)(N(P) − 1)
21
(2.12)
If we take Ramf(A) = ∅, then M = 84. So µ(Γ1
O) = π
21. Since Ramf(A) = ∅,
we have a2,a3,a7 6= 0. Therefore,
µ(Γ
1
O) =
2π
3
= 2π

2g − 2 +
a2
2
+
2a3
3

.
µ(Γ
1
O) =
π
21
= 2π

2g − 2 +
a2
2
+
2a3
3
+
6a7
3

The only solution to this equation is a2 = a3 = a7 = 1. Thus, Γ1
O is a triangle
group of signature (0;2,3,7) and since 2|84, Γ1
O has a torsion-free subgroup of
index 84.
If Ramf(A) 6= ∅, then
Q
P|D(A)(N(P) − 1) ≥ 42 since the primes of
smallest norm in k have norms 7 and 8, and |Ramf(A)| ≥ 2. This implies
38M ≤ 2. However, since Γ1
O will not be torsion-free, 2.1.1 implies that m ≥ 2.
Thus, the only other possible solution to (2.12) occurs when M = 2 .
If M = 2, and we take Ramf = {P2,P7}, the equation is satisﬁed.
Since 6 - dk, Lemma 2.2.3 applies. h = h(k(i)) = h(k(ω)) = 1, and since P2
ramiﬁes and P7 is inert in k(i)|k, a2 = 2. P7 splits in k(ω)|k, therefore a3 = 0.
But
µ(Γ
1
O) = 42
π
21
= 2π

2g − 2 + 1 +
6e7
7

and g = 1,e7 = 0 is the only solution. Thus, Γ1
O has signature (1;2,2) and,
again by Theorem 2.1.1, it has a torsion-free subgroup of genus two and of
index 2. Since k|Q is Galois, there is only one conjugacy class of groups Γ1
O of
this signature.
39Chapter 3
Fundamental Domains and Generators for
Arithmetic Fuchsian Groups
The group SU(1,1) is the group of orientation-preserving isometries of
the unit disk U = {z ∈ C||z| ≤ 1}. By embedding a cocompact arithmetic
Fuchsian group Γ into SU(1,1), one can determine a fundamental domain for
its image, Γ0, using a theorem of Ford. The elements of Γ0 which give the side-
pairings of the fundamental domain are generators for Γ0. This technique is
described in [21] and [10], but only for arithmetic groups deﬁned over rational
or quadratic ﬁelds. In [9], Johansson gives a more general description for this
technique and gives explicit bounds for the entries of an element of Γ in the
quadratic number ﬁelds. In this chapter, we give the necessary background for
this technique and describe its implementation for number ﬁelds of arbitrary
degree. In order to ﬁnd a fundamental domain for Γ, one must have a maximal
order written explicitly as an Rk-module, where Rk is the ring of integers of the
number ﬁeld k. We state and prove some results on the existence and form of
maximal orders given a Hilbert symbol for a quaternion algebra A. These will
be used in the ﬁnal chapter to obtain generators for the all derived arithmetic
groups of signatures (2;0),(1;2,2), and (0;2,2,2,2,2,2) given in Theorem 2.2.1.
403.1 Quaternion Algebras and Maximal Orders
Using a Hilbert symbol for the invariant quaternion algebra A of a
derived arithmetic group, one can determine a maximal order O in A. This
in turn can be used to ﬁnd a fundamental domain for the corresponding unit
group Γ1
O. Recall that for any quaternion algebra A, one has the associated
Hilbert symbol

a,b
k

where i2 = a,j2 = b,ij = −ji = k for some a, b in k∗. The basis {1,i,j,ij} is
referred to as the standard basis of A.
We can embed A in M2(k(
√
a)) (or M2(k(
√
b)) via a homomorphism ρ;
for example, we will take
i 7→
 √
a 0
0 −
√
a

j 7→

0 b1
b2 0

where b1b2 = b. The conjugate of an element x = x0 + x1i + x2j + x3ij ∈ A is
¯ x = x0 − x1i − x2j − x3ij; furthermore, conjugation deﬁnes an involution on
A.
Recall the deﬁnition of the (reduced) norm and (reduced) trace of an
element x ∈ A:
For x ∈ A the (reduced) norm and (reduced) trace of x lie in F and are
deﬁned by n(x) = x¯ x and tr(x) = x + ¯ x, respectively.
Furthermore, one sees that the reduced norm agrees with the determi-
nant under the embedding given above:
n(x) = x
2
0 − ax
2
1 − bx
2
2 + abx
2
3
41as well as the trace, tr(x) = 2x0.
Let R denote the ring of integers of k. Recall that an order O of A is
a complete R-lattice with 1. It is also useful to think of orders in terms of
integers of A:
An element x ∈ A is an integer (over R) if R[x] is an R-lattice in R.
The following facts relating orders to integral elements of A will be
useful for us (cf. [13] Ch. 2):
Fact 3.1.1. An element x ∈ A is an integer if and only if the reduced norm
n(x) and the reduced trace tr(x) lie in R.
Fact 3.1.2. O is an order in A if and only if O is a ring of integers in A
containing R and such that kO = A.
Recall that the discriminant ∆(A) of a quaternion algebra A is deﬁned
to be the product of the prime ideals at which A is ramiﬁed. For the remainder
of this section, we will denote the ring of integers in the ﬁeld k by R. For any
R-order O in A, the discriminant d(O) is deﬁned to be the square root of the
R-ideal generated by the set {det(tr(xixj)),1 ≤ i,j ≤ 4}, where xi ∈ O. The
following results on orders appear in [13].
Theorem 3.1.3. Let ∆(A) be the discriminant of the quaternion algebra A
over a number ﬁeld k and let O be a order in A. Then O is a maximal order
if and only if ∆(A) = d(O). In particular, all maximal orders have the same
discriminant.
Furthermore, we can compute the discriminant of an order, provided it
has a free R-basis, via the following theorem:
42Theorem 3.1.4. If O has free R-basis {e1,e2,e3,e4}, then d(O) is the principal
ideal
p
det(tr(eiej))R.
The following two theorems give simple criteria for the ramiﬁcation
set of a quaternion algebra via its Hilbert symbol. We will use these to ﬁnd
appropriate Hilbert symbols for each invariant quaternion algebra on our list.
Theorem 3.1.5. The quaternion algebra
 a,b
R

is isomorphic to exactly one of
H or M2(R), according to whether both a and b are negative or not, respec-
tively.
Theorem 3.1.6. Let K by a non-dyadic P-adic ﬁeld, with integers R and
maximal ideal P. Let
A =

a,b
K

where a,b ∈ R.
1. If a,b / ∈ P, then A splits.
2. If a / ∈ P and b ∈ P/P2, then A splits if and only if a is a square mod P.
Once we obtain an appropriate Hilbert symbol for our quaternion al-
gebra A, we ﬁnd its maximal order using the standard order O0 = R[1,i,j,ij].
In general, this process involves two main steps and depends primarily on the
Hilbert symbol of A. The standard order O0 = R[1,i,j,ij] is always contained
in a maximal order O. Now, in all our cases, there will always exist an r ∈ R
such that O0 ( O ⊂ 1
rO0. We state a proposition characterizing this denom-
inator r. But, in general, the determination of O depends mainly on ﬁnding
an integral element β ∈ O \ O0. We use a computer program to determine
β. Then we verify that either R[1,i,j,β] or R[1,i,β,iβ] is a maximal order
43by checking discriminants. In certain cases the Hilbert symbol is ”nice” and
r = 2. Below we state a theorem for these ”nice” cases, which states that for
a suitable element β, the order R[1,i,β,iβ] is always maximal.
But before we get to the result on these ”nice” cases, we state and
prove some lemmas for the general case. In the discussion that follows and
throughout the remainder of the text, the number ﬁeld k will be a principal
ideal domain, i.e., the class number h of k equals 1.
Lemma 3.1.7. Let A =
 a,b
k

be a a quaternion algebra over a number ﬁeld
k where ∆(A) divides abR. Then the standard order O0=R[1,i,j,ij] has dis-
criminant d(O0) = 22abR. In particular, if a,b ∈ R, then O0 is not maximal.
Proof. Since i2 = a,j2 = b, by Theorem 3.1.4
d(O
0)
2 = det

 

2 0 0 0
0 2a 0 0
0 0 2b 0
0 0 0 2ab

 
 = 2
4a
2b
2.
Taking the square root gives d(O0). Any maximal order O of A has discriminant
d(O) = ∆(A) which divides abR. If O is a maximal order containing O0, then
d(O0) = 22ab 6= ∆(A) = d(O) implies O0 ( O.
Although the standard order is not maximal, the following proposition
allows us to use it to ﬁnd a maximal order of A =
 a,b
k

.
Proposition 3.1.8. Suppose k has class number 1 and a,b ∈ R are square-
free. Let A =
 a,b
k

be a quaternion algebra over a number ﬁeld k. Suppose, in
addition, that ∆(A) divides abR. Let πiR = Pi for each Pi / ∈ Ramf(A) and
r1 =

   
   
1 ∆(A) = abR Y
P|abR
P - ∆(A)
πi ∆(A) 6= abR
.
44If O is a maximal order of A containing O0 = R[1,i,j,ij], then
O
0 ( O (
1
r
O
0
where r = 2r1.
Proof. The ﬁrst containment follows from the preceding lemma. Now, since
a and b are square-free, abR = r1∆(A), up to multiplication by a unit. Any
maximal order of A has discriminant ∆(A). If O is a maximal order containing
O0, then there exists β ∈ O \ O0. Since d(O0) = r1∆(A) and d(O) = ∆(A), by
the deﬁnition of discriminant, there exists a β in O∩( 1
2r1O0\O0). This implies
O0[β] ⊂ O ⊂ 1
2r1O0. Now, the ideal 1
2r1O0 has discriminant
d(
1
2r1
O
0) =
1
24r4
1
d(O
0) =
1
24r4
1
2
2abR =
1
4r4
1
abR;
1
2r1O0 is clearly not an order, since it contains nonintegral elements, e.g., 1
2r1.
This implies O ( 1
2r1O0 = 1
rO0 which completes the proof.
Lemma 3.1.9. Let A =
 a,b
k

be a quaternion algebra over a number ﬁeld k
and ring of integers R with a,b ∈ R satisfying the following conditions
(i) (a,b) = 1,
(ii) ∃˜ a,˜ b ∈ R such that ˜ a2 ≡ a mod 4R and ˜ b2 ≡ b mod 4R.
Then there exists a nonzero solution (x,y) ∈ R×R to the equation x2−ay2 ≡
b mod 4R.
Proof. We need to show that, under the hypotheses, there always exist x,y ∈ R
such that x2 − ay2 ≡ b mod 4R or, equivalently, such that x2 − ay2 − b ∈ 4R.
45By assumption (ii), x2
0 − ax2
1 − bx2
2 ≡ 0 mod 4R is equivalent to x2 − ˜ a2y2 ≡
˜ b2 mod 4R. Now, the equation
x − ˜ ay ≡ ˜ b mod 2R (3.1)
will have a solution (x,y) ∈ R × R provided
x − ˜ aPy ≡ ˜ bP mod RP (3.2)
has a nonzero solution (˜ aP,˜ bP) for every prime P dividing 2 in R (by the Chi-
nese Remainder Theorem). Since (a,b) = 1 implies (˜ aP,˜ bP) = 1, equation (3.2)
clearly has a nonzero solution (˜ xP, ˜ yP) for each prime P dividing 2. Therefore,
(3.1) has a nonzero solution (x,y) ∈ R. Since x−˜ ay ≡ ˜ b mod 2R ⇔ x+˜ ay ≡
˜ b mod 2R, (x,y) satisﬁes
(x − ˜ ay)(x − ˜ ay) ≡ x
2 + ˜ a
2y
2 ≡ ˜ b
2 mod 4R.
Lemma 3.1.10. Let A =
 a,b
k

be a quaternion algebra with a,b ∈ R and
let O0 = R[1,i,j,ij] be the standard order in A. Suppose further that abR =
∆(A). If β = 1
2O0 \ O0 is integral, then O = R[1,i,β,iβ] is an integral ideal.
Furthermore, if β = 1
2(x0 + x1i + x2j), where x0,x1 ∈ R and x2 ∈ R∗, then
O ⊃ O0 is a maximal order of A.
Proof. Let e0 = 1,e1 = i,e2 = β, and e3 = iβ. Now O = R[1,i,β,iβ] is an
order if and only if the following conditions are satisﬁed:
1. ekel is integral for 0 ≤ k,l ≤ 3
2. ek + el is integral for 0 ≤ k,l ≤ 3
46The simple structure of this order makes many of these conditions redundant.
Conditions (1) and (2) are conditions that the norms and traces of these el-
ements belong to R. We list the norms and traces of the elements in Tables
3.1 and 3.2 below. Note that the elements ekel and elek, where k 6= l are
certainly not equal. However, their traces and norms are equal and therefore
both tables are symmetric. We have also omitted the obvious cases, e.g., 1
and i, for brevity.
× 1 i β iβ
1 * * n=
(x2
0−ax2
1−bx2
2)
4 n=−
a(x2
0−ax2
1−bx2
2)
4
tr = x0 tr = ax1
i * * * n=
a2(x2
0−ax2
1−bx2
2)
4
tr = ax0
β * * n=
(x2
0−ax2
1−bx2
2)2
16 n=
a(x2
0−ax2
1−bx2
2)2
16
tr =
(x2
0+ax2
1+bx2
2)
2 tr = ax0x1
iβ * * * n=−a(x2
0 − ax2
1 − bx2
2)
tr = 2ax1
Table 3.1: Norms and traces of products of O in Lemma 3.1.10
+ 1 i β iβ
1 * * n=
(4+4x0−x2
0−ax2
1−bx2
2)
4 n=
(4+4ax1−a(x2
0−ax2
1−bx2
2))
4
tr = 2 + x0 tr = 2 + ax1
i * * n=
(−4a+4ax1+x2
0−ax2
1−bx2
2)
4 n=−
a(4+4x0+x2
0−ax2
1−bx2
2)
4
tr = x0 tr = ax1
β * * n=(x2
0 − ax2
1 − bx2
2) n=
(a−1)(x2
0−ax2
1−bx2
2)
4
tr = 2x0 tr = x0 + ax1
iβ * * * n=−a(x2
0 − ax2
1 − bx2
2)
tr = 2ax1
Table 3.2: Norms and sums of products of O in Lemma 3.1.10
Since a,b,xk ∈ R, for 0 ≤ k ≤ 2, all the conditions on integrality reduce
47to the following conditions:
1. x2
0 − ax2
1 − bx2
2 ∈ 4R
2. a(x2
0 − ax2
1 − bx2
2) ∈ 4R
3. a2(x2
0 − ax2
1 − bx2
2) ∈ 4R
4. (x2
0 − ax2
1 − bx2
2)2 ∈ 16R
5. a(x2
0 − ax2
1 − bx2
2)2 ∈ 16R
6. x2
0 + ax2
1 + bx2
2 ∈ 2R
7. a(4 + 4x0 − x2
0 − ax2
1 − bx2
2) ∈ 4R ⇐⇒ a(x2
0 − ax2
1 − bx2
2) ∈ 4R
8. 4 + 4ax1 − a(x2
0 − ax2
1 − bx2
2) ∈ 4R ⇐⇒ a(x2
0 − ax2
1 − bx2
2) ∈ 4R
9. −4a + 4ax1 + x2
0 − ax2
1 − bx2
2 ∈ 4R ⇐⇒ x2
0 − ax2
1 − bx2
2 ∈ 4R
10. (a − 1)(x2
0 − ax2
1 − bx2
2) ∈ 4R.
Condition (1),
x
2
0 − ax
2
1 − bx
2
2 ∈ 4R,
implies all the others. We will show (1) implies (6), as the others follow
immediately from basic properties of ideals. x2
0−ax2
1−bx2
2 ∈ 4R ⇒ x2
0−ax2
1−
bx2
2 ∈ 2R since 4R ⊂ 2R. But x2
0 − ax2
1 − bx2
2 ≡ x2
0 − ax2
1 − bx2
2 mod 2R, so
x2
0 − ax2
1 − bx2
2 ∈ 2R ⇔ x2
0 + ax2
1 + bx2
2 ∈ 2R. However, condition (1) is the
equivalent to the integrality of β. This shows that integrality of β implies the
integrality of all elements of O = R[1,i,β,iβ].
In order to show that I is an order, we must show that I = R[1,i,β,iβ]
is a complete R-lattice with 1. Since 1,i ∈ I, it remains to show that j ∈ I.
48Since β = 1
2(x0 + x1i + x2j) ∈ I, we have j = x
−1
2 (2β − x1 − x2i) ∈ I and,
hence, I is complete R-lattice with 1. Therefore, R[1,i,β,iβ] is an order. Using
Theorem 3.1.4, the discriminant of the order R[1,i,β,i,β] is ab(x2
2 − ax2
3)R.
Since x3 = 0 and x2 ∈ R∗ the discriminant is equal to abR. Hence, O = I =
R[1,i,β,iβ] ⊃ O0 is a maximal order.
Remark 3.1.11. There is an analogous statement of the above lemma to an
order of the form R[1,j,β,jβ] due to the anti-symmetry of the algebra A.
Proposition 3.1.12. Let A =
 a,b
k

be a quaternion algebra over a number
ﬁeld k with ﬁnite ramiﬁcation set Ramf(A) and denote the standard order of
A by O0 = R[1,i,j,ij]. Suppose that a,b ∈ Rk satisfy the hypotheses of Lemma
3.1.9 and, in addition, that ∆(A) = abR. Then there exists β ∈ 1
2O0 such that
O0 ⊂ O and O = R[1,i,β,iβ] is a maximal order of A.
Proof. By Lemma 3.1.7, O0 = R[1,i,j,k] has d(O0) = 22abR and, hence, is not
maximal. Since any order is contained in a maximal order, O0 ⊂ O where O is
a maximal order. In particular, d(O) = abR = ∆(A). The ideal I = 1
2O0 ⊃ O0
is not an order since its elements, e.g., 1/2, are not all integral. But the
discriminant of I is equal to abR. Therefore, O0 ( O ( 1
2O0. This implies
there exists some β ∈ 1
2O0 such that β ∈ O.
Since a,b satisfy the hypothesis of Lemma 3.1.9, there exist integers
x0,x1 ∈ R such that x2
0−ax2
1−b ∈ 4R. Therefore, if we take β = 1
2(x0+x1i+
j) ∈ 1
2O0, then β is integral. Furthermore, by Lemma 3.1.10, I = R[1,i,β,iβ]
is a maximal order. This ﬁnishes the proof.
If the Hilbert symbol of A does not satisfy the conditions of the previous
proposition, we can still use Lemma 3.1.8 as a starting point, but the process
of ﬁnding a free-basis for O becomes more ad hoc. For our examples, we use
49an intermediate order O00 where O0 ( O00 ( 1
2O0 with d(O00) = abR. Then
we search for integral elements in the ideal 1
r1O00 where r1 ∈ R is as stated
in the proof of Lemma 3.1.8. We test these integral elements β as part of
a free R-basis of the orders R[1,i,β,iβ] and R[1,j,β,jβ] and compute the
discriminants of these orders to detect maximality.
3.2 Fundamental Domain
Let A be the invariant quaternion algebra corresponding to arithmetic
Fuchsian group Γ1
O. For any maximal order O in a quaternion algebra A, ﬁx
an embedding ρ of O1 in PSL2(R) and denote the image by Γ1
O. Choose ρ so
that i ∈ H2 is not the ﬁxed point of any nontrivial element in Γ1
O. The Mobius
transformation
ϕ =

i 1
1 i

maps H2 to the unit disk U. Furthermore, the action of SL2(R) on H2 is
conjugate to the action of SU(1,1) on U since
SU(1,1) = ϕSL2(R)ϕ
−1.
This deﬁnes an embedding of Γ1
O in SU(1,1).
For any g ∈ SU(1,1) or SL2(R),
g =

a b
c d

with c 6= 0, the isometric circle Cg of g is deﬁned to be the set of points on
which g acts as a Euclidean isometry. By taking the derivative of g, one can
verify that the circle {z ∈ C||cz + d| = 1} = {z ∈ C||z + d
c| = 1
|c|} is the
isometric circle of g.
50The following theorem of Ford (cf. [10]) gives a characterization of the
fundamental domain of Γ via the isometric circles of a Γ ⊂ SU(1,1):
Theorem 3.2.1. Let Γ be a discrete subgroup of SU(1,1) such that the origin
is not a ﬁxed point of any nontrivial element of Γ. Let Cg be the isometric
circle of g. If Co
g is the set of all points outside Cg, then
F = U ∩
\
g∈Γ
C
o
g
is a fundamental domain of Γ.
Clearly, ϕ−1(F) is a fundamental domain for ϕ−1(Γ). Let rg be the
radius of the isometric circle Cg where g ∈ Γ for a discrete subgroups Γ of
SU(1,1). Since
SU(1,1) =

a c
¯ c ¯ a
  a,c ∈ C, a¯ a − c¯ c = 1

,
the radius rg = 1
|c|. From the discreteness of Γ and the additional relation
a¯ a − c¯ c = 1, it follows that
Γ = {g ∈ Γ|rg > }
is ﬁnite for every , 0 <  < 1.
F = U ∩
\
g∈Γ
C
o
g, U = {z ∈ C||z| < 1 − }, F ⊂ U,
then F is a fundamental domain for Γ for some  > 0 since Γ has ﬁnite coarea
and no parabolic elements.
Let rg denote the radius of the isometric circle ϕgϕ−1, where g ∈ Γ ⊂
PSL2(R). If
g =

a b
c d

,
51then
ϕgϕ
−1 =
1
2

(a + d) + i(b − c) (b + c) + i(a − d)
(b + c) − i(a − d) (a + d) − i(b − c)

.
Therefore,
rg =
2
|(b + c) − i(a − d)|
=
2
p
(a − d)2 + (b + c)2 =
2
√
a2 + b2 + c2 + d2 − 2
.
(3.3)
Hence, the restriction rg >  gives an upper bound on the entries of g. Fur-
thermore, using the fact that the norm is positive deﬁnite in all other n − 1
embeddings of σi : k ,→ Q, one obtains upper bounds on the absolute values
of σi(a),σi(b),σi(c),σi(d) for 2 ≤ i ≤ n.
If we write O as a Z-module, then we use the bounds on the σi to get
bounds on the integral coeﬃcients of the elements of Γ.
Suppose |k : Q| = n and suppose k has integral basis of the form
{1,ω,...,ωn−1}. W.l.o.g, suppose A=
 a,b
k

, where a > 0 and b < 0. Fix an
embedding ρ : A ,→ M2(k
√
a). Then the standard order R[1,i,j,ij] is the set
of elements 
x + y
√
a b1(u + v
√
a)
b2(u − v
√
a) x − y
√
a

where b1,b2 ∈ R satisfy b1b2 = b. Now, by Lemma 3.1.8 a maximal order O of
A is contained in 1
rR[1,i,j,ij], for some r ∈ R \ {0}. Therefore, O will be a
subset of the set of elements of the form
g =
1
r

(
P
xiαi) + (
P
yiαi)
√
a b1((
P
uiαi) + (
P
viαi)
√
a)
b2((
P
uiαi) − (
P
viαi)
√
a) (
P
xiαi) − (
P
yiαi)
√
a

, (3.4)
where r ∈ R \ {0} and the integers xi,yi,ui,vi ∈ Z, 0 ≤ i ≤ n − 1. The
integrality of the elements in O translate to certain congruence relations on the
xi,yi,ui,vi ∈ Z, 0 ≤ i ≤ n−1. The norm of g is n(g) = 1
r2(x2−ay2−bu2+abv2).
52Since norm is invariant under the embedding σi of the number ﬁeld, n(g) = 1
implies n(σi(g)) = 1, for 1 ≤ i ≤ n. Therefore, for each g ∈ Γ1
O, we have
σ(r
2) = σ(x)
2 − σ(a)σ(y)
2 − σ(b)σ(u)
2 + σ(a)σ(b)σ(v)
2.
Since A is a quaternion algebra ramiﬁed at all but one ﬁnite place, we may
assume that σ1(a) > 0,σ1(b) < 0, and σi(a) < 0 and σi(b) < 0 for 2 ≤ i ≤ n.
Therefore, for each i, 2 ≤ i ≤ n,
|σi(x)| ≤ r,
|σi(y)| ≤
q
r2−σi(x)2
−σi(a) ,
|σi(v)| ≤
q
r2−σi(x)2+σi(a)σi(y)2
σi(a)σi(b) ,
|σi(u)| ≤
q
r2−σi(x)2+σi(a)σi(y)2−σi(a)σi(b)σi(v)2
−σi(b) .
(3.5)
Substituting into (3.3), we get that rg = 2 √
q−2, where
q =
1
r2

2x
2 + 2y
2 +
4ab2
b2
1 + b2
2
v
2 + (b
2
1 + b
2
2)(u + v
b2
1 − b2
2
b2
1 + b2
2
√
a)
2

.
The condition that rg >  is equivalent to g < M := 2+ 4
2, and this condition
implies the following set of bounds for σ1 = Id:
|x| < r
q
M
2 ,
|y| <
q
1
2a(r2M − 2x2),
|v| <
q
b2
1+b2
2
4ab2 (r2M − 2x2 − 2ay2),
|u| <
q
1
b2
1+b2
2(r2M − 2x2 − 2ay2 − 4ab2
b2
1+b2
2v2) +
b2
1−b2
2
b2
1+b2
2
√
a|v|.
(3.6)
By taking linear combinations of these inequalities, we obtain bounds
on the integers xi,yi,ui,vi ∈ Z, 0 ≤ i ≤ n − 1. This, of course, depends
on n and increases in diﬃculty with n. These bounds are explicitly stated
in the programs. We take the best bounds on each integer from the various
53inequalities obtained. The programs used to obtain the lists for each Γ1
O are
given in the appendix, and our examples cover cases in the range 1 ≤ n ≤ 4.
We will focus mainly on the cases 3 ≤ n ≤ 4, since these are not in the
literature.
Lastly, we remark that we obtain the most eﬃcient bounds by taking
b1 = ±b2 = ±
√
b. However, Theorem 3.2.1 requires that the origin is not a
ﬁxed point of Γ or, equivalently, that i is not a ﬁxed point of ϕΓϕ−1. If we
take b1 6= ±b2, then i will not be a ﬁxed point of ϕΓϕ−1, and we will do this
in the examples in which Γ has torsion.
54Chapter 4
The Examples
In this chapter, we use the results of the previous chapter to ﬁnd gener-
ators for a few examples of the derived arithmetic groups Γ1
O in Theorem 2.2.1
containing genus two surface groups using programs written in Mathematica.
Example programs for number ﬁelds of degrees 2 and 3 are given in the ap-
pendix. We will give examples in which the Hilbert symbol of A satisﬁes the
hypotheses of Proposition 3.1.12 and examples in which it does not. We will
work in the context described in the previous chapter; as such, the generators
will be given as a vector of integers using an integral power basis of R with
a speciﬁed denominator r. (cf. (3.4)). In the cases the group has signature
(1;2,2) and (0;2,2,2,2,2,2), we use a standard presentation of the group Γ1
O
and Magma to explicitly determine generators for the genus two subgroups.
4.1 Quadratic Number Fields
We begin with an example in which the Hilbert symbol of the quater-
nion algebra A does not satisfy the hypotheses of Proposition 3.1.12.
Proposition 4.1.1. Let A be the quaternion algebra A over Q(
√
2) with
Ramf(A) = {P5}. Then a Hilbert symbol for A is
 √
2,−5
Q(
√
2)

and, if O ⊂ A
is a maximal order, then a set of generators for Γ1
O are:
55x1 x2 y1 y2 u1 u2 v1 v2
h1 2 2 -4 -1 -2 -2 -2 -1
h2 2 2 -4 -1 2 2 -2 -1
h3 4 2 -2 -1 0 0 0 -1
h4 6 2 -4 -3 -2 -2 2 1
h5 6 2 -4 -3 2 2 2 1
h6 8 4 -2 0 0 0 -2 -2
h7 8 4 -2 0 0 0 2 2
h8 8 6 -4 -5 0 0 2 1
h9 8 8 -6 -4 0 0 2 2
.
Proof. The ring of integers Rk is equal to Z[1,
√
2]. Since
 2
5

=
 5
2

= −1,
P5 = 5R and Rk/P5 ∼ = F52. Furthermore, {1,1 +
√
2} is a fundamental set of
generators for R∗
k, and since both −1 and 1 +
√
2 are squares modP5, there
exists no unit u ∈ R∗ such that
  u,−5
Q(
√
2)

is a Hilbert symbol for A. However,
√
2 is not a square modP5, therefore
A =
 √
2,−5
Q(
√
2)
!
.
satisﬁes P5 ∈ Ramf(A) by Theorem 3.1.6. In this case, there is a unique prime
P2 =
√
2R over 2. Furthermore, P2 divides ab. This shows that the Hilbert
symbol in this case violates the hypotheses of Proposition 3.1.12. However,
since P2 is the only other prime dividing ab, {P5} = Ramf(A) by Theorems
1.3.1 and 3.1.6. The order O0 = R[1,i,β0,iβ0], where β0 = 1
2(1 +
√
2i + j), has
discriminant d(O0) = P2P5 = 5
√
2. Therefore, O0 is not a maximal order. Let
O be the maximal order containing O0. There exists β ∈ O/O0 since O0 is not
maximal. In fact, O ⊂ 1
2O0. We determine β as follows. First we determine
the congruence relations for the Z-order O0 written as a Z-module:
x0 + u0 ≡ 0 mod 2 y0 + v0 ≡ 0 mod 2
x1 + u0 + u1 ≡ 0 mod 2 y1 + u0 + v0 + v1 ≡ 0 mod 2 (4.1)
56Secondly, we determine the necessary and suﬃcient conditions for β = 1
2γ,
γ ∈ O0. Therefore,
β =
1
4
(x0 + x1
√
2 + (y0 + y1
√
2)i + (u0 + u1
√
2)j + (v0 + v1
√
2)ij),
where the xi,yi,ui,vi are subject to the congruence relations (4.1). Now,
β will be integral provided tr(β) = 2
4(x0 + x1
√
2) = 1
2(x0 + x1
√
2) ∈ R =
Z[1,
√
2] and det(β) ∈ R. The ﬁrst condition is equivalent to modxi ≡ 0
for i = 0,1. The second condition gives two more congruence relations on
the integral coeﬃcients of β in addition to those in (4.1). We determine β
via these congruences. For each integral element β, we test the discriminant
of the order R[1,i,β,iβ] to detect maximality and check that is indeed an
order. In this case, we ﬁnd that β = 1
4(2
√
2 + (2 +
√
2)i +
√
2ij) is integral
and that R[1,i,β,iβ] is indeed an order. The products and sums of the free
basis elements are integral and, since iβ = 1
4((2
√
2)i + (2 + 2
√
2) + 2j) =
1
2((
√
2)i + (1 +
√
2) + j), j = 2iβ − (1 +
√
2) − (
√
2)i ∈ R[1,i,β,iβ]. Finally,
O = R[1,i,β,iβ] since d(O) = 5 = ∆(A).
Therefore, r = 4 here and O is the subset of 1
4R[1,i,j,ij] satisfying the
following congruence relations:
x0 − u0 − 2u1 − 2v0 ≡ 0 mod 4 u0 ≡ 0 mod 2
x1 − u0 − u1 − 2v1 ≡ 0 mod 4 u1 ≡ 0 mod 2
y0 − 2u1 − v0 − 2v1 ≡ 0 mod 4 v0 ≡ 0 mod 2
y1 − u0 − v0 − v1 ≡ 0 mod 4
Since Γ1
O is torsion free, we can apply the program for the quadratic case with
b1 =
√
5,b2 = −
√
5. We obtain a fundamental region for Γ1
O shown in Figure
4.3 by taking  = 0.1 in the quadratic program.
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Figure 4.3: Fundamental region for Γ1
O of Proposition 4.1.1
Using the identiﬁcations determined by the side pairings of the fundamental
region, we verify that Γ1
O has signature (2;0). The generators obtained via the
side pairings of the fundamental region are those given in the proposition.
4.2 Cubic Number Fields
Proposition 4.2.1. Let A be the quaternion algebra A deﬁned over the totally
real cubic ﬁeld k = Q(α) = Q(cos(2π/7)) with Ramf(A) = {P2,P7}. Then a
Hilbert symbol for A is
 2(2α−3),−1
k

. Furthermore, if O ⊂ A is a maximal order,
then a set of generators for Γ1
O in the presentation < A,B,X|([A,B]X)2,X2 >
are
58x1 x2 x3 y1 y2 y3 u1 u2 u3 v1 v2 v3
A 0 2 2 -1 2 2 0 2 2 1 -2 -2
B -3 2 3 1 -2 -2 1 -2 -3 -2 2 3
X 0 0 0 0 0 0 2 0 0 0 0 0
where r = 2.
Proof. The cubic ﬁeld k = Q(cos(π/7)) has minimal polynomial f(x) = x3 −
x2 − 2x + 1 and discriminant 49. Since the extension k|Q is Galois, there
is only one conjugacy classes of groups Γ1
O of signature (1;2,2). Denote the
three roots of f(x) by α1,α2 and α3 where α1 < 0 < α2 < α3. By Pari,
there is one unique prime lying over 2 and one unique prime lying over 7 with
P7 = (7,α + 2)R = (2α − 3)R and P2 = 2R. We will ﬁrst show that the
quaternion algebra A is given by the Hilbert symbol

2(2α − 3),−1
k

.
Since 2α1 − 3,2α2 − 3 < 0 and 2α3 − 3 > 0, A is ramiﬁed at the two real
places corresponding to α1 and α2. Furthermore, −1 ≡ 6 mod P7 and 6 is not
a square mod7, so P7 ∈ Ramf(A) by Theorem 3.1.6. By Theorems 3.1.6 and
1.3.1, A cannot be ramiﬁed at any nondyadic prime other than P7; therefore,
Ramf(A) = {P2,P7}. This shows that A has the correct ramiﬁcation set.
In this case, Ramf(A) contains a prime dividing 2, and therefore A
does not satisfy the hypotheses of Proposition 3.1.12. However, ab = 2(2α −
3) = P2P7 = ∆(A), and since there is a unique dyadic prime in this case,
a maximal order O of A will nonetheless be of the form R[1,i,β,iβ] where
β ∈ 1
2O/O. The element β = 1
2(1 + i + j) is integral since tr(β = 1) and
n(β) = −w + 2. We can write 1
2R[1,i,j,ij] = 1
2(x + yi + uj + vij), where
x = x0 +x1w +x2w2,y = y0 +y1w +y2w2, etc., xi,yi,ui,vi ∈ Z. Similarly, we
59write O = m+ni+oβ+piβ, where m = m0+m1w+m2w2, etc., mi,ni,oi,pi ∈ Z.
Clearly, O ⊂ 1
2R[1,i,j,ij]. Setting the two Z-modules equal yields a linear
system of equations. Since the mi,ni,oi,pi are integers, solving the system
for these variables gives congruence conditions on the xi,yi,ui,vi. These are
necessary and suﬃcient conditions for an element g ∈ 1
2R[1,i,j,ij] to be an
element of O. In this particular case, O is the subgroup comprised of elements
satisfying the following congruence relations:
x0 + u0 ≡ 0 mod 2 y0 + u0 + v0 ≡ 0 mod 2
x1 + u1 ≡ 0 mod 2 y1 + u1 + v1 ≡ 0 mod 2
x2 + u2 ≡ 0 mod 2 y2 + u2 + v2 ≡ 0 mod 2
.
x1 x2 x3 y1 y2 y3 u1 u2 u3 v1 v2 v3
h1 0 2 2 1 -2 -2 0 2 2 1 -2 -2
h2 0 2 2 1 -2 -2 0 -2 -2 -1 2 2
h3 -1 0 1 0 0 0 -1 0 1 1 0 -1
h4 -1 0 1 0 0 0 -1 4 5 3 -4 -5
g1 0 0 0 0 0 0 2 0 0 0 0 0
Table 4.1: Generators for Γ1
O of Example 4.2.1
In the setting of (3.4), we take r = 2,b1 = 2, and b2 = −1/2 in the program
for the cubic case given in the Appendix. In this case,  = .15 is suﬃcient to
obtain the Ford domain for Γ1
O.
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Figure 4.1: Fundamental region for Γ1
O of Proposition 4.2.1
The identiﬁcations obtained by the side pairings are shown in Figure
4.1; furthermore, α1 is the ﬁxed point of the element g1 and the vertex v2 also
has order two. This veriﬁes that Γ1
O has signature (1;2,2). The elements listed
in the Table 4.1 are the generators for Γ1
O corresponding to the side pairings
of the Ford domain.
The elements A = h
−1
2 , B = h1h
−1
3 ,X = g1 are noncommuting hyper-
bolic elements that satisfy the relation
([A,B]X)
2 = −Id.
Furthermore, no proper subrelation is trivial. Therefore, if we denote the group
< A,B,X|([A,B]X)2,X2 > by Γ0, Γ0 has signature (1;2,2). The elements
h1 = A−1X and h4 = A−1B−1 and therefore < A,B,X >⊂ Γ1
O. But since
Fuchsian groups are Hopﬁan, Γ1
O cannot contain a proper isomophic subgroup.
This implies Γ1
O =< A,B,X|([A,B]X)2,X2 >. The elements A,B,X are
therefore generators for Γ1
O in the required presentation.
61Proposition 4.2.2. The group Γ1
O of Proposition 4.2.1 has four distinct sub-
groups Γi, 1 ≤ i ≤ 4, of signature (2;0) and index two. Furthermore, a list of
generators for each subgroup Γi is given below in the standard presentation
< a1,b1,a2,b2|[a1,b1][a2,b2] > .
Γ1 x1 x2 x3 y1 y2 y3 u1 u2 u3 v1 v2 v3
a1 -14 20 24 -12 18 22 -12 20 24 12 -18 -22
b1 -15 20 25 12 -18 -22 15 -20 -25 -13 18 23
a2 0 2 2 -1 2 2 0 2 2 -1 2 2
b2 30 -42 -52 -30 42 53 -32 46 58 -26 38 47
Γ2 x1 x2 x3 y1 y2 y3 u1 u2 u3 v1 v2 v3
a1 -3 2 3 1 -2 -2 1 -2 -3 -2 2 3
b1 -14 20 24 -12 18 22 -12 20 24 12 -18 -22
a2 30 -42 -52 -30 42 53 -32 46 58 -26 38 47
b2 0 2 2 -1 2 2 0 2 2 -1 2 2
Γ3 x1 x2 x3 y1 y2 y3 u1 u2 u3 v1 v2 v3
a1 0 2 2 -1 2 2 0 2 2 1 -2 -2
b1 -14 21 25 13 -18 -23 18 -25 -31 -15 23 28
a2 1 -2 -3 -2 2 3 3 -2 -3 -1 2 2
b2 -37 52 65 -33 47 59 -3 2 3 2 -3 -4
Γ4 x1 x2 x3 y1 y2 y3 u1 u2 u3 v1 v2 v3
a1 0 2 2 -1 2 2 0 2 2 1 -2 -2
b1 -3 2 3 1 -2 -2 1 -2 -3 -2 2 3
a2 0 -2 -2 -1 2 2 0 -2 -2 1 -2 -2
b2 3 -2 -3 1 -2 -2 -1 2 3 -2 2 3
Proof. Using the presentation < A,B,X,Y |[[A,B]XY,X2,Y 2] > for Γ1
O ob-
tained in Proposition 4.2.1, we use Magma to ﬁnd generators for all the sub-
groups of Γ1
O of index 2. Of these, there are four subgroups that are torsion
62free, which we will denote by Γi, 1 ≤ i ≤ 4. The generators in each case are:
Γ1 = < BA
−1,XA
−1,Y A
−1,A
−2 >
Γ2 = < B,XA
−1,Y A
−1,A
−2 >
Γ3 = < A,XB
−1,Y B
−1,B
−2 >
Γ4 = < A,B,XAX,XBX >
For each Γi, we determine the trivial relation in the group. We put each group
in the standard presentation to obtain the list of generators for each Γi.
4.3 Quartic Number Fields
Proposition 4.3.1. Let A be the quaternion algebra A with Ramf(A) = {P3}
and unramiﬁed at the inﬁnite place corresponding to the root α2, where −1 <
α2 < 0, deﬁned over the totally real quartic ﬁeld of discriminant 3981. Then
a Hilbert symbol for A is
 −α(α+1),−1
k

. Furthermore, if O ⊂ A is a maximal
order, then a set of generators for Γ1
O in the presentation
< c1,c2,c3,c4,c5|c
2
1,c
2
2,c
2
3,c
2
4,c
2
5,(c1c2c3c4c5)
2 >
are
x y1 y2 y3 y4 u1 u2 u3 u4 v1 v2 v3 v4
c1 0 -2 4 1 -1 2 -4 -1 1 -3 4 1 -1
c2 0 0 0 0 2 0 0 0 0 0 0 0 0
c3 0 -2 4 1 -1 -2 4 1 -1 3 -4 -1 1
c4 0 -3 4 1 -1 -17 18 7 -5 36 -39 -15 11
c5 0 0 0 0 0 20 -22 -8 6 -42 50 18 -14
Proof. In this case, k = Q(α), where α is a root of the polynomial f(x) =
x4 − x3 − 4x2 + 2x + 1. Let α1 < −1 < α2 < 0 < α3 < 1 < α4 denote the
63four roots of f(x). In this case, there are four conjugacy classes of groups
Γ1
O deﬁned over k. The algebra A =
 −α(α+1),−1
k

is unramiﬁed at the place
σ2 since −αi(αi + 1) < 0 for i = 1,3,4 and −α2(α2 + 2) > 0. Furthermore,
f(x) ≡ (x + 1)(x2 + 1) mod 3, so there are two primes dividing 3. Let P3 =
(3,α + 1)R = (α + 1)R. Since −1 ≡ 2 mod P3 ≡ 2 mod 3 and 2 is not a
square mod3, A is ramiﬁed at P3 by Theorem 3.1.6. Since no other prime
divides ab and there is a unique prime above 2, by Theorems 3.1.6 and 1.3.1,
Ramf(A) = {P3}. This is another ”nice” case, so Propostion 3.1.12 applies,
and we ﬁnd that O = R[1,i,α,iα] where α = 1
2(1+α+α2i = j) is a maximal
order. The congruence relations in this case are:
x0 + u0 + u3 + v0 ≡ 0 mod 2 y0 + u2 + u3 + v0 + v3 ≡ 0 mod 2
x1 + u0 + v1 ≡ 0 mod 2 y1 + u3 + v0 + v1 ≡ 0 mod 2
x2 + u1 + u2 + v2 ≡ 0 mod 2 y2 + u0 + v1 + v2 ≡ 0 mod 2
x3 + u2 + v3 ≡ 0 mod 2 y3 + u1 + u2 + u3 + v2 ≡ 0 mod 2.
1
w 2 w 3
v1
v1 v1
v1
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Figure 4.2: Fundamental region for Γ1
O of Proposition 4.3.1
We apply the program for the quartic case with r = 2,b1 = 2,b2 = −1/2, and
 = .15 to obtain the fundamental region shown in Figure 4.2; the correspond-
64ing generators are listed in Table 4.2. The points wi are the ﬁxed points of
the gi, 1 ≤ i ≤ 6, which all have order two. The side pairings detemined by
these generators veriﬁes that Γ1
O has signature (0;2,2,2,2,2,2).
x1 x2 x3 x4 y1 y2 y3 y4 u1 u2 u3 u4 v1 v2 v3 v4
g1 0 0 0 0 0 0 0 0 -2 0 0 0 0 0 0 0
g2 0 0 0 0 -2 4 1 -1 -2 4 1 -1 3 -4 -1 1
g3 0 0 0 0 -2 4 1 -1 2 -4 -1 1 -3 4 1 -1
g4 0 0 0 0 -3 4 1 -1 -17 18 7 -5 36 -39 -15 11
g5 0 0 0 0 -3 4 1 -1 17 -18 -7 5 -36 39 15 -11
g6 0 0 0 0 0 0 0 0 20 -22 -8 6 -42 50 18 -14
h1 2 -3 -1 1 0 0 0 0 5 -3 -2 1 -10 11 4 -3
Table 4.2: Generators for Γ1
O of Example 4.3.1
After putting the group in the required presentation, we obtain the list
as stated in the Proposition.
Proposition 4.3.2. The group Γ1
O of Proposition 4.3.1 has a unique subgroup
Γ of genus two with the following generators:
x1 x2 x3 x4 y1 y2 y3 y4
a1 9 -11 -4 3 67 -75 -28 31
b1 2 -4 -1 1 -10 11 4 -3
a2 -12 14 5 -4 26 -28 -11 8
b2 -2 4 1 -1 31 -36 -13 10
u1 u2 u3 u4 v1 v2 v3 v4
a1 -35 39 15 -11 39 -43 -16 12
b1 7 -7 -3 2 -11 14 5 -4
a2 -14 18 6 -5 31 -36 -13 10
b2 -14 18 6 -5 3 -4 -1 1
Proof. The group Γ1
O of Proposition 4.3.1 has signature (0;2,2,2,2,2,2) and
hence, has a unique subgroup Γ of signature (2;0) by [7]. Using Magma, we
65ﬁnd that, if Γ1
O is presented in the form
< c2c1,c3c1,c4c1,c5c1|c
−1
1 c2c
−1
3 c4c1c
−1
2 c2c
−1
4 >,
then the subgroup Γ is generated by < c2c1,c3c1,c4c1,c5c1 >. Putting the
these generators in the standard form < a1,b1,a2,b2|[a1,b1][a2,b2] > yields the
generators listed in the Proposition.
The following example is an example of a quartic case in which the
Hilbert symbol of A does not satisfy the hypotheses of Proposition 3.1.12. We
will show in the proof that a ”nice” symbol does not exist for A. We remark
that the technique for ﬁnding a maximal order is exactly the same as in the
previous example, except in this case we cannot take r to be a rational integer.
Proposition 4.3.3. Let A be the quaternion algebra A with Ramf(A) = {P2}
and unramiﬁed at the inﬁnite place corresponding to the root α1, where −2 <
α1 < −1, deﬁned over the totally real quartic ﬁeld of discriminant 4752. Then
a Hilbert symbol for A is
 1+α,−(−1+α)(−1+α+α2)
Q(α)

and, if O ⊂ A is a maximal
order, then Γ1
O has the following list of generators:
x1 x2 x3 x4 y1 y2 y3 y4 u1 u2 u3 u4 v1 v2 v3 v4
h1 1 0 -1 0 -1 0 0 0 0 0 0 0 0 4 1 -1
h2 0 -2 -1 1 -1 3 1 -1 0 0 0 0 -1 -2 1 0
h3 0 -4 0 1 1 -1 0 0 1 3 1 -1 1 2 -1 0
h4 0 -4 0 1 1 -1 0 0 -1 -3 -1 1 1 2 -1 0
h5 1 0 -1 0 0 3 -1 0 1 1 2 -1 0 -1 -2 1
h6 1 0 -1 0 0 3 -1 0 -1 -1 -2 1 0 -1 -2 1
h7 1 2 -2 0 2 2 -1 0 0 0 0 0 -1 -1 3 -1
h8 0 -1 -3 1 -1 3 -1 0 0 0 0 0 0 -1 3 -1
h9 1 1 -2 1 0 3 -1 0 0 0 0 0 0 -5 2 0
Proof. The totally real number ﬁeld of degree 4 with discriminant 4752 is
equal to k = Q(α) where α is a root of f(x) = x4 − 2x3 − 3x2 + 4x + 1. Let
66α1 < −1 < α2 < 0 < 1 < α3 < 2 < α4 denote the four real roots of f(x).
Since f(x) ≡ (x2 + x + 1)2, there is a unique prime P2 of norm 4 dividing 2;
furthermore, P2 = (2,α2+α+1) = (α2+α−1) = (π). A fundamental system
for R∗ is < α,α − 1,α2 − 2 >. The signs of the generators of R∗ and of the
uniformizer π for P2 under the diﬀerent embeddings corresponding to the αi
are shown in the below:
α −1 + α −2 + α2 π
α1 ∼ −1.4955 − − + −
α2 ∼ −0.21968 − − − −
α3 ∼ 1.2196 + + − +
α4 ∼ 2.4955 + + + +
From the table of embeddings, it is evident that we there does not exist a
Hilbert symbol for A such that the only primes dividing ab are in Ramf(A).
However, the algebra given by

1 + α,(1 − α)(−1 + α + α2)
Q(α)

.
is unramiﬁed at the place σ1. The element 1 + α is a uniformizer for P3 in R
(since f(x) ≡ (x + 1)4, P3 is the unique prime of norm 3 lying over 3.) But A
is unramiﬁed at P3 since (1 − α)(−1 + α + α2) ≡ 1 mod P3 which is a square
mod3. Thus, A correponds to one of the two conjugacy classes of Γ1
O deﬁned
over k.
As in the previous example, we use an intermediate order to ﬁnd a
maximal order O. The order O0 = R[1,i,β,iβ], where β = 1
2((1 + α) + (1 +
α2)i + j) has discriminant d(O0) = (1 + α)(−1 + α)(−1 + α + α2)R = P3P2R.
Therefore, a maximal order O will be contained in the ideal 1
α+1O0. Again,
this implies there exists an element β ∈ 1
α+1O0/O0. An element in O0 written
67as in integral vector satisﬁes the following congruence relations:
x0 + u0 + u3 + v0 + v1 + v2 + v3 ≡ 0 mod 2
x1 + u0 + v0 + v1 + v2 + v3 ≡ 0 mod 2
x2 + u1 − u2 + u3 + v0 + v3 ≡ 0 mod 2
x3 + u2 + u3 + v0 + v1 ≡ 0 mod 2
y0 − u0 + u2 + v0 + v3 ≡ 0 mod 2
y1 + u1 + u3 + v0 + v1 ≡ 0 mod 2
y2 + u0 + v1 + v2 + v3 ≡ 0 mod 2
y3 + u1 + v2 + v3 ≡ 0 mod 2.
(4.2)
Consider an element of the form β = 1
2(α+1)(x+yi+uj+vij) ∈ I = 1
α+1O0/O0.
Now, β is integral if and only if
tr(β) =
x
1 + α
∈ R
det(β) =
1
4(1 + α)2
 
x
2 + (1 + α)y
2 + (−1 + α)(−1 + α + α
2)u
2
+(1 + α)(−1 + α)(−1 + α + α
2)v
2
=
d(x,y,u,v)
4(1 + α)2 =
d
4(1 + α)2
r0 r1 r2 r3 s0 s1 s2 s3
β 1 0 1 0 1 0 0 2
iβ -1 -1 -2 0 -1 -7 6 6
β2 -2 -4 5 -2 -27 -120 48 68
(iβ)2 -1 0 5 0 -247 -1522 469 888
1 + β 3 0 1 0 3 0 1 2
1 + iβ 1 -1 -2 0 -1 -8 4 6
i + β 1 0 1 0 3 2 2 2
i + iβ -1 -1 -2 0 1 -5 7 7
β + iβ 0 -1 -1 0 0 -7 6 8
Table 4.6
If we write each of x,y,u,v in an integral power basis of R, these conditions
68are equivalent to the existence of solutions (r0,r1,r2,r3),(s0,s1,s2,s3) ∈ Z4 to
the equations
x = (1 + α)(r0 + r1α + r2α2 + r3α3)
= (r0 − r3) + (r0 + r1 − 4r3)α + (r1 + r2 + 3r3)α2 + (r2 + 3r3)α3
d = 4(1 + α)2(s0 + s1α + s2α2 + s3α3)
= 4(s0 − s2 − 4s3) + 4(2s0 + s1 − 4s2 − 17s3)α
+4(s0 + 2s1 + 4s2 + 8s3)α2 + 4(s1 + 4s2 + 12s3)α3
(4.3)
where d = d(x0,...x4,y0,...y4,u0,...u4,v0,...v4) ∈ R. The expressions for
x and d are simpliﬁed by the relation α4 = 2α3 + 3α2 − 4α − 1. The exis-
tence of solutions to these equations yields another set of congruences on the
xi,yi,ui,vi. Using these in addition to the congruence relations (4.2), we ﬁnd
that
β =
1
2(α + 1)
 
(1 + α + α
2 + α
3) + (1 + α + 2α
2)i + ij

is integral; tr(β) = 1 + α2 ∈ R and det(β) = 2α3 + 1. Furthermore,
iβ = 1
2(α+1) ((1 + α + 2α2)(α + 1) + (1 + α + α2 + α3)i + (α + 1)j)
= 1
2 ((1 + α + 2α2) + (1 + α2)i + j)
;
this implies j = 2iβ − (1 + α + 2α2) − (1 + α2)i ∈ I. The integrality of the
elements of I are veriﬁed using 4.3 and the traces and products of the R-basis
are listed in Tables 4.4 and 4.5. The solutions (r0,r1,r2,r3),(s0,s1,s2,s3) to
(4.3) are also given in Table 4.6 for completeness.
69× 1 i β iβ
1 * * n=3 + α2 + 2α3 n=−1 − 8α + 4α2 + 6α3
tr = 3 + α2 tr = 1 − α − 2α2
i * * * n=1 − 5α + 7α2 + 7α3
tr = −1 − α − 2α2
β * * n=4(1 + 2α3) n=−7α + 6α2 + 8α3
tr = 2(1 + α2) tr = −α − α2
iβ * * * n=−4(1 + 7α − 6α2 − 6α3)
tr = −2(1 + α + 2α2)
Table 4.4: Norms and traces of sums of the R-basis of O
+ 1 i β iβ
1 * * n=1 + 2α3 n=−1 − 7α + 6α2 + 6α3
tr = 1 + α2 tr = 1 + α2
i * * n=−1 − 7α + 6α2 + 6α3 n=1 − 3α + 10α2 + 8α3
tr = −1 − α − 2α2 tr = −3 − 3α − 2α2
β * * n=(1 + 2α3)2 n=−37 − 170α + 70α2 + 108α3
tr = −2 − 4α + 5α2 − 2α3 tr = −3 − 5α + 3α2 − 2α3
iβ * * * n=(−1 − 7α + 6α2 + 6α3)2
tr = 2(−1 + 5α2)
Table 4.5: Norms and traces of products of the R-basis of O
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Figure 4.4: Fundamental region for Γ1
O of Proposition 4.3.3
Since R[1,i,β,iβ] has discriminant P2 = ∆(A), it is a maximal order.
Finally, we determine the congruence relations for O written as a Z-module:
4x0 − x1 + x2 − x3 + u0 + 2u1 − 2u2 + 2u3 − 3v0 + 3v2 ≡ 0 mod 6
x0 − x1 + x2 − x3 − 2u0 + 2u1 − 8u2 − 7u3 − v1 + v1 ≡ 0 mod 6
4y0 − y1 + y2 − y3 − u0 − 2u1 + 2u2 + u3 + v0 + 2v1 − 2v2 + 2v3 ≡ 0 mod 6
y0 − y1 + y2 − y3 + 2u0 − 2u1 − u2 + u3 − 2v0 + 2v1 − 2v2 − v3 ≡ 0 mod 6
−u0 + u1 − u2 + u3 ≡ 0 mod 3
x2 + x3 + u1 + v1 + v3 ≡ 0 mod 2
x0 + x1 + x2 + u2 + v0 ≡ 0 mod 2
y2 + y3 + u0 + u1 + v1 ≡ 0 mod 2
y0 + y1 + y2 + u1 + u2 + u3 + v2 ≡ 0 mod 2
.
(4.4)
Running the quartic program with b1 = ±b2 = ±
p
(α − 1)(α2 − α + 1) and
 = 0.1 yields the fundamental region in Figure 4.4 and the generators in the
proposition.
71Chapter 5
Generators of Derived Arithmetic Groups
Here we list all generators for the all derived arithmetic groups Γ1
O
of signatures (2;0),(1;2,2) and (0;2,2,2,2,2,2) listed in Proposition 2.2.1. The
generators are given as a Z-vector with denominator r (cf. (3.4)) for ease of
notation; the Hilbert symbol for the corresponding quaternion algebra is also
given. In the cases for which Γ1
O has more than one conjugacy class, f(x) is
the minimal polynomial for the ﬁeld k and the number α corresponds to the
embedding of A.
5.1 Groups Γ1
O with Signature (1;2,2)
The generators are those obtained from the Ford fundamental region. Hyper-
bolic elements are labelled by hi and elliptic elements by gi.
|k : Q| = 1
∆(A) = {2,7},A =
 5,14
Q

,r = 10
x y u v
h1 3 -9 0 -2
h2 3 -5 0 0
h3 4 -2 -1 -1
h4 4 -2 1 -1
g1 0 -6 0 2
72|k : Q| = 2
dk = 5
∆(A) = P31,A =
  1+
√
5
2 ,−6−
√
5
Q(
√
5)

,r = 4
x1 x2 y1 y2 u1 u2 v1 v2
h1 2 2 -4 0 0 0 0 0
h2 5 3 -2 -2 0 0 -2 0
h3 5 3 -2 -2 0 0 2 0
g1 0 0 -1 -1 -2 0 0 0
g2 0 0 -1 -1 2 0 0 0
∆(A) = P0
31,A =
  3(1+
√
5)
2 ,−6+
√
5
Q(
√
5)

,r = 12
x1 x2 y1 y2 u1 u2 v1 v2
h1 9 3 -2 2 0 0 2 0
h2 12 6 -8 0 0 0 1 1
h3 12 6 -5 -3 -3 -3 1 1
h4 12 6 -5 -3 3 3 1 1
h5 18 6 -4 0 0 0 2 2
g1 0 0 -2 0 -9 -3 -2 -2
g2 0 0 -2 0 9 3 -2 -2
|k : Q| = 3
dk = 49,f(x) = x3 − x2 − 2x + 1
∆(A) = P2P7,A =
 2(−3+2α),−1
k

,r = 2
x1 x2 x3 y1 y2 y3 u1 u2 u3 v1 v2 v3
h1 0 2 2 1 -2 -2 0 2 2 1 -2 -2
h2 0 2 2 1 -2 -2 0 -2 -2 -1 2 2
h3 -1 0 1 0 0 0 -1 0 1 1 0 -1
h4 -1 0 1 0 0 0 -1 4 5 3 -4 -5
g1 0 0 0 0 0 0 2 0 0 0 0 0
73dk = 229,f(x) = x3 − 4x + 1
σ1 ∼ −2.1149, ∆(A) = P2P0
2,A =
 −α,−2
k

,r = 2
x1 x2 x3 y1 y2 y3 u1 u2 u3 v1 v2 v3
h1 0 -1 0 4 0 -1 0 0 0 0 0 0
h2 0 -2 1 -1 0 0 -1 0 0 2 -1 0
h3 0 -2 1 -1 0 0 -1 1 0 -2 -1 1
h4 0 -2 1 -1 0 0 1 0 0 -2 1 0
h5 0 -2 1 -1 0 0 1 -1 0 2 1 -1
h6 0 0 0 4 -2 0 1 -2 1 -1 1 0
h7 0 0 0 4 -2 0 -1 2 -1 1 -1 0
σ2 ∼ 0.2541, ∆(A) = P2P0
2,A =
 −2α(−3+2α),−1
k

,r = 2(−3 + 2α)
x1 x2 x3 y1 y2 y3 u1 u2 u3 v1 v2 v3
h1 -7 -2 3 3 0 -1 -13 2 3 12 -1 -3
h2 -10 0 3 8 -1 -2 10 0 -3 -9 1 2
h3 -10 0 3 9 -1 -2 -10 0 3 8 -1 -2
h4 -10 0 3 4 0 -1 10 0 -3 -11 0 3
h5 -13 2 3 3 0 -1 -7 -2 3 12 -1 -3
g1 0 0 0 9 -1 -2 20 0 -6 -15 1 4
g2 0 0 0 0 0 0 6 -4 0 0 0 0
σ3 ∼ 1.8608, ∆(A) = P2P0
2,A =
 −7+4α,−2
k

,r = 2(−7 + 4α)
x1 x2 x3 y1 y2 y3 u1 u2 u3 v1 v2 v3
h1 -3 -5 3 3 -1 -1 -7 4 0 1 0 0
h2 -7 -3 4 1 -1 0 7 -4 0 -1 0 0
h3 -7 -3 4 1 -1 0 -7 4 0 -1 0 0
h4 10 -6 1 4 -2 -1 0 0 0 0 0 0
h5 -3 -5 3 3 -1 -1 7 -4 0 1 0 0
g1 0 0 0 -2 0 0 3 5 -3 3 -1 -1
g2 0 0 0 -2 0 0 7 3 -4 -1 1 0
74|k : Q| = 4
dk = 725, f(x) = x4 − x3 − 3x2 + x + 1
α1 ∼ −1.3557, ∆(A) = P31,A =
 −α(1+α)(1+3α),−1
Q(α)

,r = 2
x1 x2 x3 x4 y1 y2 y3 y4 u1 u2 u3 u4 v1 v2 v3 v4
h1 0 -3 -1 1 0 0 0 0 0 0 0 0 -1 3 1 -1
h2 -1 -6 -1 2 1 6 1 -2 7 17 1 -5 -7 -19 -2 6
h3 2 1 -1 0 0 0 0 0 -4 -6 0 2 4 7 0 -2
h4 -1 -6 -1 2 1 6 1 -2 -7 -17 -1 5 7 19 2 -6
g1 0 0 0 0 0 0 0 0 2 0 0 0 0 0 0 0
g2 0 0 0 0 -1 3 1 -1 0 3 1 -1 0 0 0 0
g3 0 0 0 0 -1 3 1 -1 0 -3 -1 1 0 0 0 0
α4 ∼ 2.0952, ∆(A) = P31,A =
 α(−1+α)(1+3α),−1
Q(α)

,r = 2
x1 x2 x3 x4 y1 y2 y3 y4 u1 u2 u3 u4 v1 v2 v3 v4
h1 1 -1 -2 0 2 0 -1 0 -1 1 2 0 2 0 -1 0
h2 1 -1 -2 0 2 0 -1 0 1 -1 -2 0 -2 0 1 0
h3 -1 -1 0 0 0 0 0 0 0 -1 0 0 -3 2 2 -1
h4 0 -1 0 0 0 0 0 0 -1 2 0 -1 0 3 1 -1
g1 0 0 0 0 0 0 0 0 -2 0 0 0 0 0 0 0
g2 0 0 0 0 -3 2 2 -1 0 1 0 -1 0 3 1 -1
g3 0 0 0 0 -3 2 2 -1 0 -1 0 1 0 -3 -1 1
α1 ∼ −1.3557, ∆(A) = P0
31,A =
 −(1+α),−3+α
Q(α)

,r = 2
x1 x2 x3 x4 y1 y2 y3 y4 u1 u2 u3 u4 v1 v2 v3 v4
h1 1 -1 0 0 0 0 0 0 0 0 0 0 -1 0 0 0
h2 1 1 -1 0 -1 1 2 -1 -1 1 2 -1 0 0 -2 1
h3 1 1 -1 0 -1 1 2 -1 1 -1 -2 1 0 0 2 -1
h4 1 0 -2 1 -1 3 1 -1 1 1 -3 1 -1 -1 5 -2
h5 1 0 -2 1 -1 3 1 -1 -1 -1 3 -1 1 1 -5 2
g1 0 0 0 0 -1 0 0 0 -1 0 0 0 0 0 0 0
g2 0 0 0 0 -1 0 0 0 1 0 0 0 0 0 0 0
75dk = 725, f(x) = x4 − x3 − 3x2 + x + 1
α4 ∼ 2.0952, ∆(A) = P0
31,A =
 (1−α)(−3+α)
Q(α)

,r = 2
t x1 x2 x3 x4 y1 y2 y3 y4 u1 u2 u3 u4 v1 v2 v3 v4
h1 1 0 -1 0 -1 -1 0 0 -1 0 1 0 -1 -1 0 0
h2 1 0 -1 0 -1 -1 0 0 1 0 -1 0 1 1 0 0
h3 0 0 -1 0 0 0 0 0 1 1 0 0 0 2 0 -1
h4 -1 -1 0 0 0 0 0 0 1 -2 0 1 0 -1 -1 0
h5 0 0 0 0 0 0 0 0 -2 0 0 0 0 0 0 0
h6 0 0 0 0 -3 2 2 -1 0 -1 0 1 0 3 1 -1
h7 0 0 0 0 -3 2 2 -1 0 1 0 -1 0 -3 -1 1
dk = 1125,f(x) = x4 − x3 − 4x2 + 4x + 1
∆(A) = P2,A =
 −1−α,−1
Q(α)

,r = 2(1 + α)
x1 x2 x3 x4 y1 y2 y3 y4 u1 u2 u3 u4 v1 v2 v3 v4
h1 1 -1 0 0 0 0 0 0 0 0 0 0 -1 0 0 0
h2 1 1 -1 0 -1 1 2 -1 -1 1 2 -1 0 0 -2 1
h3 1 1 -1 0 -1 1 2 -1 1 -1 -2 1 0 0 2 -1
h4 1 0 -2 1 -1 3 1 -1 1 1 -3 1 -1 -1 5 -2
h5 1 0 -2 1 -1 3 1 -1 -1 -1 3 -1 1 1 -5 2
h6 0 0 0 0 -1 0 0 0 -1 0 0 0 0 0 0 0
h7 0 0 0 0 -1 0 0 0 1 0 0 0 0 0 0 0
dk = 1957, f(x) = x4 − 4x2 − x + 1
α1 ∼ −1.7640, ∆(A) = P7,A =
 −α(1+α)(2+3α),−1
Q(α)

,r = 2
x1 x2 x3 x4 y1 y2 y3 y4 u1 u2 u3 u4 v1 v2 v3 v4
h1 1 1 -1 0 -5 11 2 -3 1 1 -1 0 5 -11 -2 3
h2 -1 -2 -1 1 0 0 0 0 1 -1 0 0 -3 8 1 -2
h3 1 -1 0 0 0 0 0 0 1 1 -1 0 -3 10 2 -3
h4 1 1 -1 0 -5 11 2 -3 -1 -1 1 0 -5 11 2 -3
g1 0 0 0 0 0 0 0 0 -2 0 0 0 0 0 0 0
76dk = 1957, f(x) = x4 − 4x2 − x + 1
α2 ∼ −0.6938, ∆(A) = P7,A =
 (1+α)(2+3α),−1
Q(α)

,r = 2
x1 x2 x3 x4 y1 y2 y3 y4 u1 u2 u3 u4 v1 v2 v3 v4
h1 2 -3 -1 1 -8 21 4 -6 2 -3 -1 1 -8 21 4 -6
h2 2 -3 -1 1 -8 21 4 -6 -2 3 1 -1 8 -21 -4 6
h3 2 -3 -1 1 0 0 0 0 3 -7 -1 2 -21 49 10 -14
h4 3 -3 -1 1 0 0 0 0 2 -3 -1 1 -14 35 7 -10
h5 0 0 0 0 0 0 0 0 -2 0 0 0 0 0 0 0
α3 ∼ 0.3963, ∆(A) = P7,A =
 (2−α)(2+3α),−1
Q(α)

,r = 2
x1 x2 x3 x4 y1 y2 y3 y4 u1 u2 u3 u4 v1 v2 v3 v4
h1 -1 -3 0 1 0 0 0 0 0 0 0 0 -2 4 1 -1
h2 -1 -4 0 1 0 3 0 -1 9 15 -1 -4 -5 -4 1 1
h3 -2 -4 0 1 -2 4 1 -1 -13 -19 2 5 6 8 -1 -2
h4 -2 -4 0 1 -2 4 1 -1 13 19 -2 -5 -6 -8 1 2
h5 -1 -4 0 1 0 3 0 -1 -9 -15 1 4 5 4 -1 -1
h6 0 0 0 0 0 0 0 0 -2 0 0 0 0 0 0 0
α4 ∼ 2.0614, ∆(A) = P7,A =
 α(−2+α)(2+3α),−1
Q(α)

,r = 2
x1 x2 x3 x4 y1 y2 y3 y4 u1 u2 u3 u4 v1 v2 v3 v4
h1 1 0 1 1 1 -3 -2 0 -1 0 -1 -1 -1 3 2 0
h2 -1 -2 -1 0 0 0 0 0 0 1 0 0 -2 5 0 -2
h3 0 -1 0 0 0 0 0 0 0 -3 0 1 0 3 0 -1
h4 1 0 1 1 1 -3 -2 0 1 0 1 1 1 -3 -2 0
g1 0 0 0 0 0 0 0 0 -2 0 0 0 0 0 0 0
775.2 Groups Γ1
O with Signature (0;2,2,2,2,2,2)
The generators are given in the presentation < c1,c2,c3,c4,c5|(c1c2c3c4c5)2 >
|k : Q| = 2
dk = 24
∆(A) = P3,A =
 2+
√
6,−3−
√
6
Q(
√
6)

,r = 4
x1 x2 y1 y2 u1 u2 v1 v2
c1 0 0 -2 1 -2 0 2 -1
c2 0 0 -4 -1 -2 -2 -4 1
c3 0 0 -4 0 4 0 0 0
c4 0 0 -2 1 2 0 2 -1
c5 0 0 -4 -1 2 2 -4 1
|k : Q| = 4
dk = 3981,f(x) = x4 − x3 − 4x2 + 2x + 1
σ1, ∆(A) = P3,A =
 −(1+α),−1
Q(α)

,r = 2
x y1 y2 y3 y4 u1 u2 u3 u4 v1 v2 v3 v4
c1 0 0 2 -1 0 0 1 -3 1 -2 2 4 -2
c2 0 -1 0 0 0 1 1 -3 1 -2 2 4 -2
c3 0 -1 0 0 0 -1 -1 3 -1 2 -2 -4 2
c4 0 0 2 -1 0 0 -1 3 -1 2 -2 -4 2
c5 0 0 0 0 0 2 0 0 0 0 0 0 0
σ2, ∆(A) = P3,A =
 −α(1+α),−1
Q(α)

,r = 2
x y1 y2 y3 y4 u1 u2 u3 u4 v1 v2 v3 v4
c1 0 -2 4 1 -1 2 -4 -1 1 -3 4 1 -1
c2 0 0 0 0 2 0 0 0 0 0 0 0 0
c3 0 -2 4 1 -1 -2 4 1 -1 3 -4 -1 1
c4 0 -3 4 1 -1 -17 18 7 -5 36 -39 -15 11
c5 0 0 0 0 0 20 -22 -8 6 -42 50 18 -14
78dk = 3981,f(x) = x4 − x3 − 4x2 + 2x + 1
σ3, ∆(A) = P3,A =
 α(2−α),−1
Q(α)

,r = 2
x y1 y2 y3 y4 u1 u2 u3 u4 v1 v2 v3 v4
c1 0 1 4 0 -1 -2 -4 0 1 -1 4 2 -1
c2 0 -1 4 1 -1 -2 -5 0 1 2 4 0 -1
c3 0 0 0 0 0 -4 -8 0 2 4 8 0 -2
c4 0 -1 4 1 -1 2 5 0 -1 -2 -4 0 1
c5 0 0 0 0 2 0 0 0 0 0 0 0 0
σ4, ∆(A) = P3,A =
 (−2+α),−1
Q(α)

,r = 2
x y1 y2 y3 y4 u1 u2 u3 u4 v1 v2 v3 v4
c1 0 1 2 -1 -1 1 -1 -1 0 1 0 0 0
c2 0 -1 0 0 0 1 2 -1 -1 -1 0 2 1
c3 0 -1 0 0 0 -1 -2 1 1 1 0 -2 -1
c4 0 1 2 -1 -1 -1 1 1 0 -1 0 0 0
c5 0 0 0 0 2 0 0 0 0 0 0 0 0
795.3 Groups Γ1
O with Signature (2;0)
The generators are those obtained from the Ford fundamental region.
|k : Q| = 1
∆(A) = {2,13},A =
 2,13
Q

,r = 2
x y u v
h1 3 -3 -1 -1
h2 3 -3 -1 1
h3 3 -3 1 -1
h4 3 -3 1 1
h5 5 -2 -1 0
h6 5 -2 1 0
h7 6 -4 0 0
h8 7 -4 -1 0
h9 7 -4 1 0
|k : Q| = 2
dk = 5
∆(A) = P61,A =
  1+
√
5
2 ,−9+2
√
5
Q(
√
5)

,r = 4
x1 x2 y1 y2 u1 u2 v1 v2
h1 5 3 -3 -1 0 0 -1 -1
h2 2 2 -4 0 0 0 0 0
h3 5 3 -3 -1 0 0 1 1
h4 5 1 -6 -4 -4 -2 0 0
h5 6 4 -2 0 0 0 3 1
h6 6 4 -2 0 0 0 -3 -1
h7 5 1 -6 -4 4 2 0 0
80dk = 5
∆(A) = P0
61,A =
  1+
√
5
2 ,−9−2
√
5
Q(
√
5)

,r = 4
x1 x2 y1 y2 u1 u2 v1 v2
h1 2 2 -4 0 0 0 0 0
h2 3 1 -3 -3 -1 -1 0 0
h3 3 1 -3 -3 1 1 0 0
h4 7 3 -5 -1 0 0 -2 0
h5 7 3 -5 -1 0 0 2 0
h6 9 3 -1 1 0 0 -1 -1
h7 9 3 -1 1 0 0 1 1
dk = 8
∆(A) = P5,A =
 √
2,−5
Q(
√
2)

,r = 4
x1 x2 y1 y2 u1 u2 v1 v2
h1 2 2 -4 -1 -2 -2 -2 -1
h2 2 2 -4 -1 2 2 -2 -1
h3 4 2 -2 -1 0 0 0 -1
h4 6 2 -4 -3 -2 -2 2 1
h5 6 2 -4 -3 2 2 2 1
h6 8 4 -2 0 0 0 -2 -2
h7 8 4 -2 0 0 0 2 2
h8 8 6 -4 -5 0 0 2 1
h9 8 8 -6 -4 0 0 2 2
81dk = 12
∆(A) = P13,A =
 1+
√
3,−4+
√
3
Q(
√
3)

,r = 4
x1 x2 y1 y2 u1 u2 v1 v2
h1 4 2 -3 -1 2 2 1 1
h2 6 2 -3 -1 4 2 3 1
h3 2 2 -2 -2 2 2 0 0
h4 2 2 -1 1 -4 -2 -3 -1
h5 6 4 -1 -3 0 0 1 1
h6 2 2 -2 -2 -2 -2 0 0
h7 4 2 -3 -1 -2 -2 1 1
h8 6 2 -3 -1 -4 -2 3 1
h9 2 2 -1 1 4 2 -3 -1
∆(A) = P0
13,A =
 −1+
√
3,−4−
√
3
Q(
√
3)

,r = 4
x1 x2 y1 y2 u1 u2 v1 v2
h1 2 2 -1 -1 -2 0 1 1
h2 2 2 -1 -1 2 0 1 1
h3 4 4 -4 -2 -2 -2 -4 -2
h4 4 4 -4 -2 2 2 -4 -2
h5 6 4 -9 -5 -2 -2 3 1
h6 6 4 -9 -5 2 2 3 1
h7 8 6 -9 -5 0 0 -3 -1
dk = 13
∆(A) = P13,A =
  3+
√
13
2 , −13+3
√
13
2
Q(
√
13)

,r = 4
x1 x2 y1 y2 u1 u2 v1 v2
h1 1 1 -9 -1 -11 -3 0 0
h2 1 1 -9 -1 11 3 0 0
h3 3 1 -2 0 0 0 -2 0
h4 3 1 -2 0 0 0 2 0
h5 10 2 -2 -2 0 0 0 0
h6 20 6 -3 1 0 0 -11 -3
h7 20 6 -3 1 0 0 11 3
82|k : Q| = 3
dk = 148,f(x) = x3 − x2 − 3x + 1
α1 ∼ −1.1481, ∆(A) = P2P13,A =
 1−4α,−α(1+α)
k

,r = 2
x1 x2 x3 y1 y2 y3 u1 u2 u3 v1 v2 v3
h1 -1 -1 1 3 1 -1 0 0 0 0 0 0
h2 1 -3 1 3 1 -1 -2 1 0 2 -1 0
h3 1 -3 1 3 1 -1 2 -1 0 -2 1 0
h4 1 -3 1 3 1 -1 2 -1 0 2 -1 0
h5 1 -3 1 3 1 -1 -2 1 0 -2 1 0
h6 2 -1 0 2 -1 0 0 4 -2 0 0 0
h7 2 -1 0 2 -1 0 0 -4 2 0 0 0
α2 ∼ 0.3111, ∆(A) = P2P13,A =
 2−α2,(1−4α)(1+α)
k

,r = 2
x1 x2 x3 y1 y2 y3 u1 u2 u3 v1 v2 v3
h1 -13 -2 4 3 1 -1 0 0 0 15 4 -5
h2 -2 -1 1 1 -1 0 0 0 0 0 0 0
h3 -13 -2 4 3 1 -1 0 0 0 -15 -4 5
h4 -4 0 1 12 3 -4 29 6 -9 0 0 0
h5 -12 -3 4 -1 0 0 0 0 0 15 4 -5
h6 -12 -3 4 -1 0 0 0 0 0 -15 -4 5
h7 -4 0 1 12 3 -4 -29 -6 9 0 0 0
α3 ∼ 2.1700, ∆(A) = P2P13,A =
 −2+α,−(−1+4α)(1+α)
k

,r = 2
x1 x2 x3 y1 y2 y3 u1 u2 u3 v1 v2 v3
h1 0 -1 0 1 -1 -1 3 1 -1 0 0 0
h2 0 -1 0 1 -1 -1 -3 -1 1 0 0 0
h3 -1 1 1 -1 0 0 0 0 0 2 0 -1
h4 -1 1 1 -1 0 0 0 0 0 -2 0 1
h5 0 4 2 2 -8 -6 0 0 0 0 0 0
h6 -3 9 7 9 -20 -18 0 0 0 2 0 -1
h7 -3 9 7 9 -20 -18 0 0 0 -2 0 1
83|k : Q| = 4
dk = 725, f(x) = x4 − x3 − 3x2 + x + 1
σ1 ∼ −1.3556,∆(A) = P61,A =
 −2(α+1),−1+2α−2α2
Q(α)

,r = 4
x1 x2 x3 x4 y1 y2 y3 y4 u1 u2 u3 u4 v1 v2 v3 v4
h1 2 2 -2 0 -1 3 1 -1 0 0 0 0 1 -3 -1 1
h2 6 4 -20 8 11 1 -26 11 0 0 0 0 1 -1 -2 1
h3 6 -2 -22 10 10 1 -26 11 0 0 0 0 2 -1 -2 1
h4 0 4 -6 2 0 0 -6 3 0 0 0 0 0 0 -2 1
h5 2 -2 -8 4 -2 1 8 -4 0 0 0 0 2 -1 0 0
h6 2 -2 -8 4 -2 -3 8 -3 0 -4 -2 2 -2 1 2 -1
h7 2 -2 -8 4 -2 -3 8 -3 0 4 2 -2 -2 1 2 -1
h8 2 -2 0 0 -1 3 3 -2 0 0 -4 2 1 1 -5 2
h9 2 -2 0 0 -1 3 3 -2 0 0 4 -2 1 1 -5 2
σ4 ∼ 2.0952,∆(A) = P61,A =
 α−1,−1+2α−2α2
Q(α)

,r = 2
x1 x2 x3 x4 y1 y2 y3 y4 u1 u2 u3 u4 v1 v2 v3 v4
h1 0 -1 -1 0 -1 1 1 0 0 0 0 0 -2 -3 0 1
h2 2 0 -2 0 -2 -2 0 0 0 0 0 0 0 0 0 0
h3 0 -1 -1 0 1 -1 -1 0 0 0 0 0 -2 -3 0 1
h4 0 -1 0 0 1 0 -1 0 0 -3 -1 1 0 0 0 0
h5 0 -1 1 1 -2 -1 1 0 0 0 0 0 -1 -4 -1 1
h6 0 -1 1 1 2 1 -1 0 0 0 0 0 -1 -4 -1 1
h7 0 -1 0 0 1 0 -1 0 0 3 1 -1 0 0 0 0
84dk = 725, f(x) = x4 − x3 − 3x2 + x + 1
σ1 ∼ −1.3556,∆(A) = P0
61,A =
 −α−1,−2−2α−α2
Q(α)

,r = 2
x1 x2 x3 x4 y1 y2 y3 y4 u1 u2 u3 u4 v1 v2 v3 v4
h1 0 2 -1 0 0 0 2 -1 0 0 0 0 -2 1 2 -1
h2 2 -2 -4 2 0 0 4 -2 0 0 0 0 0 0 0 0
h3 0 2 -1 0 0 0 2 -1 0 0 0 0 2 -1 -2 1
h4 1 -1 0 0 -1 -1 3 -1 0 -2 1 0 0 0 0 0
h5 1 1 -3 1 -1 0 0 0 0 0 0 0 -3 2 6 -3
h6 1 1 -3 1 -1 0 0 0 0 0 0 0 3 -2 -6 3
h7 1 -1 0 0 -1 -1 3 -1 0 2 -1 0 0 0 0 0
σ4 ∼ 2.0952,∆(A) = P0
61,A =
 2(α−1),−2−2α−α2
Q(α)

,r = 4
x1 x2 x3 x4 y1 y2 y3 y4 u1 u2 u3 u4 v1 v2 v3 v4
h1 2 0 -2 0 0 4 1 -1 0 0 0 0 -2 -1 1 0
h2 2 0 -2 0 2 4 0 -2 -2 4 2 -2 0 0 0 0
h3 0 -2 -2 0 2 2 0 -1 0 0 0 0 2 0 -1 0
h4 2 0 -2 0 -2 -4 0 2 -2 4 2 -2 0 0 0 0
h5 0 -2 0 0 0 2 0 -1 0 2 0 0 2 0 -1 0
h6 0 0 -2 0 1 6 1 -2 0 0 0 0 1 -2 -1 1
h7 0 -2 0 0 0 2 0 -1 0 -2 0 0 2 0 -1 0
h8 -4 2 6 2 0 -1 2 2 0 0 0 0 -1 -2 0 0
h9 -2 -4 4 4 -3 -4 2 3 0 0 0 0 1 -3 -2 1
dk = 2304, f(x) = x4 − 4x2 + 1
∆(A) = P3,A =
 −1+α,−(−2+α2)(1−α−α2)
Q(α)

,r = 2(−1 + α)
x1 x2 x3 x4 y1 y2 y3 y4 u1 u2 u3 u4 v1 v2 v3 v4
h1 1 -2 -1 0 0 0 0 0 0 3 0 -1 1 0 -1 0
h2 1 -2 -1 0 0 0 0 0 0 -3 0 1 1 0 -1 0
h3 1 0 -1 0 0 -1 0 0 1 -1 0 0 -1 0 0 0
h4 1 0 -1 0 0 -1 0 0 -1 1 0 0 -1 0 0 0
h5 1 -2 0 1 0 -1 0 0 0 3 0 -1 0 1 0 0
h6 1 -2 0 1 0 -1 0 0 0 -3 0 1 0 1 0 0
h7 0 -1 0 1 1 -2 -1 0 0 3 0 -1 0 0 0 0
h8 0 -1 0 1 1 -2 -1 0 0 -3 0 1 0 0 0 0
85dk = 4752,f(x) = x4 − 2x3 − 3x2 + 4x + 1
α1 ∼ −1.4955,∆(A) = P2,A =
 −1−α,(1−α)(−1+α+α2)
Q(α)

,r = 2(1 + α)
x1 x2 x3 x4 y1 y2 y3 y4 u1 u2 u3 u4 v1 v2 v3 v4
h1 1 0 -1 0 -1 0 0 0 0 0 0 0 0 4 1 -1
h2 0 -2 -1 1 -1 3 1 -1 0 0 0 0 -1 -2 1 0
h3 0 -4 0 1 1 -1 0 0 1 3 1 -1 1 2 -1 0
h4 0 -4 0 1 1 -1 0 0 -1 -3 -1 1 1 2 -1 0
h5 1 0 -1 0 0 3 -1 0 1 1 2 -1 0 -1 -2 1
h6 1 0 -1 0 0 3 -1 0 -1 -1 -2 1 0 -1 -2 1
h7 1 2 -2 0 2 2 -1 0 0 0 0 0 -1 -1 3 -1
h8 0 -1 -3 1 -1 3 -1 0 0 0 0 0 0 -1 3 -1
h9 1 1 -2 1 0 3 -1 0 0 0 0 0 0 -5 2 0
α2 ∼ −0.2197,∆(A) = P2,A =
 −α(1+α),(1−α)(−1+α+α2)
Q(α)

,r = 2(1 + α)
x1 x2 x3 x4 y1 y2 y3 y4 u1 u2 u3 u4 v1 v2 v3 v4
h1 3 -3 -2 1 -11 4 5 -2 -3 3 2 -1 -4 3 2 -1
h2 3 -3 -2 1 -11 4 5 -2 3 -3 -2 1 -4 3 2 -1
h3 3 -3 -2 1 -8 5 4 -2 -4 7 3 -2 11 -8 -6 3
h4 3 -3 -2 1 -8 5 4 -2 4 -7 -3 2 11 -8 -6 3
h5 3 -3 -2 1 -6 2 3 -1 0 0 0 0 -4 -1 1 0
h6 2 -4 -2 1 -1 0 0 0 0 0 0 0 4 -3 -2 1
h7 6 -5 -3 2 -15 7 7 -3 0 0 0 0 1 -4 -1 1
h8 6 -5 -3 2 -15 7 7 -3 0 0 0 0 -1 4 1 -1
h9 4 -2 -2 1 -7 6 4 -2 0 0 0 0 4 -3 -2 1
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Lists of Number Fields
The following is a list of all the totally real number ﬁelds of degree less
than or equal to six that are considered in the proof of Theorem 2.2.1. We
list each ﬁeld by its deﬁning polynomial, and discriminant. This information
is obtained from [4].
A.1 Degree Three
x3 − x2 − 2x + 1,49
x3 − 3x − 1,81
x3 − x2 − 3x + 1,148
x3 − x2 − 4x − 1,169
x3 − 4x + 1,229
x3 − x2 − 4x + 3,257
x3 − x2 − 4x + 2,316
x3 − x−4x + 1,321
x3 − x2 − 6x + 7,361
x3 − x2 − 5x − 1,404
x3 − x2 − 5x + 4,469
x3 − 5x − 1,473
x3 − x2 − 5x + 3,564
x3 − x2 − 6x − 2,568
88x3 − 6x − 3,621
x3 − 7x − 5,697
x3 − x2 − 7x + 8,733
x3 − 6x − 2,756
x3 − x2 − 6x − 1,761
x3 − x2 − 6x + 5,785
x3 − x2 − 7x − 3,788
x3 − 6x − 1,837
x3 − x2 − 8x + 10,892
x3 − 7x − 4,940
x3 − x2 − 10x + 8,961
A.2 Degree Four
x4 − x3 − 3x2 + x + 1,725
x4 − x3 − 4x2 + 4x + 1,1125
x4 − 6x2 + 4,1600
x4 − 4x2 − x + 1,1957
x4 − 5x2 + 5,2000
x4 − 4x2 + 2,2048
x4 − x3 − 5x2 + 2x + 4,2225
x4 − 4x2 + 1,2304
x4 − 2x3 − 4x2 + 5x + 5,2525
x4 − 2x3 − 3x2 + 2x + 1,2624
x4 − x3 − 4x2 + x + 2,2777
x4 − 2x3 − 7x2 + 8x + 1,3600
89x4 − x3 − 4x2 + 2x + 1,3981
x4 − x3 − 5x2 − x + 1,4205
x4 − 9x2 + 4,4225
x4 − 6x2 − 4x + 2,4352
x4 − 7x2 + 11,4400
x4 − x3 − 7x2 + 3x + 9,4525
x4 − 2x3 − 3x2 + 4x + 1,4752
x4 − x3 − 6x2 + x + 1,4913
x4 − 2x3 − 6x2 + 7x + 11,5125
x4 − x3 − 8x2 + x + 11,5225
x4 − x3 − 8x2 + 6x + 11,5725
x4 − 5x2 − 2x + 1,5744
x4 − x3 − 9x2 + 9x + 11,6125
x4 − 6x2 − 2x + 5,6224
x4 − 5x2 − x + 1,6809
x4 − 2x3 − 4x2 + 3x + 3,7053
x4 − 5x2 + 1,7056
x4 − 6x2 + 7,7168
x4 − 11x2 + 9,7225
x4 − 2x3 − 5x2 + 4x + 4,7232
x4 − 2x3 − 4x2 + 2x + 1,7488
x4 − x3 − 5x2 + 4x + 3,7537
x4 − 9x2 + 19,7600
x4 − x3 − 9x2 + 4x + 16,7625
x4 − 10x2 + 20,8000
x4 − x3 − 5x2 + 5x + 1,8069
x4 − 5x2 + 3,8112
90x4 − x3 − 5x2 + 3x + 4,8468
x4 − 2x3 − 8x2 + 9x + 19,8525
x4 − x3 − 10x2 + 2x + 19,8725
x4 − 2x3 − 5x2 + 6x + 7,8768
x4 − x3 − 6x2 − 2x + 1,8789
x4 − x3 − 5x2 + x + 1,8957
x4 − x3 − 10x2 + 7x + 19,9225
x4 − 5x2 + 2,9248
x4 − x3 − 5x2 + x + 3,9301
A.3 Degree Five
x5 − x4 − 4x3 + 3x2 + 3x − 1,14641
x5 − 5x3 − x2 + 3x + 1,24217
x5 − 2x4 − 3x3 + 5x2 + x − 1,36497
x5 − 5x3 + 4x − 1,38569
x5 − x4 − 5x3 + 2x2 + 5x + 1,65657
x5 − x4 − 5x3 + 2x2 + 3x − 1,70601
x5 − x4 − 5x3 + 3x2 + 5x − 2,81509
x5 − 6x3 + 8x − 1,81589
x5 − 6x3 − x2 + 8x + 3,89417
x5 − x4 − 5x3 + 5x2 + 2x − 1,101833
x5 − 2x4 − 4x3 + 7x2 + 3x − 4,106069
x5 − x4 − 5x3 + 4x2 + 4x − 1,117688
x5 − 2x4 − 4x3 + 4x2 + 3x − 1,122821
x5 − 7x3 − 6x2 + 2x + 1,124817
91x5 − 6x3 + 6x − 2,126032
A.4 Degree Six
x6 − x5 − 7x4 + 2x3 + 7x2 − 2x − 1,300125
x6 − x5 − 5x4 + 4x3 + 6x2 − 3x − 1,371293
x6 − 2x5 − 4x4 + 5x3 + 4x2 − 2x − 1,434581
x6 − x5 − 6x4 + 6x3 + 8x2 − 8x + 1,453789
x6 − 2x5 − 4x4 + 8x3 + 2x2 − 5x + 1,485125
x6 − x5 − 5x4 + 4x3 + 5x2 − 2x − 1,592661
x6 − 2x5 − 5x4 + 11x3 + 2x2 − 9x + 1,703493
x6 − x5 − 6x4 + 7x3 + 4x2 − 5x + 1,722000
x6 − 3x5 − 2x4 + 9x3 − 5x + 1,810448
x6 − 9x4 − 4x3 + 9x2 + 3x − 1,820125
x6 − x5 − 7x4 + 9x3 + 7x2 − 9x − 1,905177
x6 − x5 − 6x4 + 4x3 + 8x2 − 1,966125
x6 − x5 − 6x4 + 6x3 + 7x2 − 5x − 1,980125
x6 − 7x4 + 14x2 − 7,1075648
x6 − 6x4 − 2x3 + 7x2 + 2x − 1,1081856
x6 − 2x5 − 4x4 + 6x3 + 4x2 − 3x − 1,1134389
x6 − 6x4 − 2x3 + 6x2 + x − 1,1202933
x6 − 10x4 + 24x2 − 8,1229312
x6 − 7x4 − 2x3 + 11x2 + 7x + 1,1241125
x6 − 6x4 + 9x2 − 3,1259712
92Appendix B
Mathematica Programs
Here we give example programs used to compute the unit groups in
Chapter 4. The programs are speciﬁc to the number ﬁelds and the maximal
orders. This is evident in the appearance of the congruence relations on the
integers and the algebraic simpliﬁcation of the norm.
B.1 Example program for quadratic case
quad[r_, e_, d_, t_, tb_, s_, sb_, r1_, r2_] := Module[{list1},
Ne = 2 + 4/(e^2); A1 = r/2*(1 + Sqrt[Ne/2]); list1 = {};
For[i = 0, i Ceiling[A1], i++, LA2 = (i -r)/Sqrt[d];
UA2 = (i + r)/Sqrt[d];
For[j = Floor[LA2], j Ceiling[UA2], j++,
Ba = N[Sqrt[(r^2 - (i - j*Sqrt[d])^2)/(-tb)]];
B1 = 1/2*(Ba + Sqrt[(r^2*Ne - 2*(i + j*Sqrt[d])^2)/(2*t)]);
If[Im[B1] == 0,
For[k = Floor[-B1], k Ceiling[B1], k++,
LB2 = (k - Ba)/Sqrt[d]; UB2 = (k + Ba)/Sqrt[d];
For[l = Floor[LB2], l Ceiling[UB2], l++,
Da = N[Sqrt[(Simplify[r^2 - Expand[(i -j*Sqrt[d])^2]
+ tb*Expand[(k - l*Sqrt[d])^2]])/(sb*tb)]];
D1 = 1/2*(Da + Sqrt[(r1^2 + r2^2)*(r^2*Ne
- 2*Expand[(i + j*Sqrt[d])^2]
- 2*t*Expand[(k + l*Sqrt[d])^2])/(4*s^2*t)];
If[Im[D1] == 0,
For[o = Floor[-D1], o Ceiling[D1], o++,
LD2 = (o - Da)/Sqrt[d]; UD2 = (o + Da)/Sqrt[d];
For[p = Floor[LD2], p Ceiling[UD2], p++, If[Mod[i, 2] == 0
&& Mod[j, 2] == 0 && Mod[k,2] == 0 && Mod[o, 2] == 0
93&& Mod[l + p, 2] == 0,
Ca = N[Sqrt[Simplify[(r^2 - Expand[(i - j*Sqrt[d])^2]
+ tb*Expand[(k - l*Sqrt[d])^2]
- sb*tb*Expand[(o - p*Sqrt[d])^2])/(-sb)]]];
C1 = 1/2*(Ca + (Sqrt[(1/(r1^2 + r2^2))*( r^2*Ne -
2*Expand[(i + j*Sqrt[d])^2] - 2*t*Expand[(k + l*Sqrt[ d])^2]
- (4*s^2*t*Expand[(m + n*Sqrt[d])^2])/(r1^2 + r2^2))])
+ (Abs[r1^2 - r2^2]/(r1^2 + r2^2))*Sqrt[t]*Abs[o + p*Sqrt[d]]);
If[Im[C1] == 0,
For[m = Floor[-C1], m Ceiling[C1], m++,
LC2 = (m - Ca)/Sqrt[d]; UC2 = (m + Ca)/Sqrt[d];
For[p = Floor[LC2], p Ceiling[UC2], p++,
If[Mod[m, 2] == 0 && Mod[n, 2] == 0 && Mod[i - m, 4] == 0
&& Mod[j - 2*p - m - n, 4] == 0 && Mod[k - 2*p - o, 4] == 0
&& Mod[l - o - p - m, 4] == 0
&&Simplify[Expand[(i + j*Sqrt[d])^2]
- t*Expand[( k + l*Sqrt[d])^2] - s*Expand[(m + n*Sqrt[d])^2]
+ s*t*Expand[(o + p*Sqrt[d])^2]] == r^2,
list1 = Append[list1, {i, j, k, l, m, n, o, p }]]
]]]]]]]]]]]]; list1
];
B.2 Example program for cubic case
cubic[R_, e_, w1_, w2_, w3_, t1_, t2_, t3_, s1_, s2_, s3_,R1_, R2_]
:= Module[{list1}, list1 = {}; Ne = 2 + 4/(e^2);
Aw1 = R*Sqrt[Ne/2];
A3 = Min[N[1/Abs[w2 - w1]*(2*R/Abs[w2 - w3]
+ (R + Aw1)/Abs[w1 - w3])],
N[1/Abs[w3 - w1]*(2*R/Abs[w2 - w3] + (R + Aw1)/Abs[w1 - w2])],
N[1/Abs[w2 - w3]*((R + Aw1)/Abs[w2 - w1]
+ (R + Aw1)/Abs[w1 - w3])]];
list1 = {};
For[k = 0, k Ceiling[A3], k++,
UA2 = Min[N[2*R/Abs[w2 - w3] - k*(w2 + w3)],
N[(Aw1 + R)/Abs[w1 - w3] - k*(w1 + w3)],
N[(R + Aw1)/Abs[w2 - w1] - k*(w2 + w1)]];
LA2 = Max[N[-2*R/Abs[w2 - w3] - k*(w2 + w3)],
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N[-(R + Aw1)/Abs[w2 - w1] - k*(w2 + w1)]];
For[j = Floor[LA2], j Ceiling[UA2], j++,
UA1 = Min[N[Aw1 - (j*w1 + k*w1^2)], N[R - (j*w2 + k*w2^2)],
N[R - (j*w3 + k*w3^2)]];
LA1 =Max[N[-Aw1 - (j*w1 + k*w1^2)], N[-R - (j*w2 + k*w2^2)],
N[-R - (j*w3 + k*w3^2)]];
For[i = Floor[LA1], i Ceiling[UA1], i++,
Bw2 = N[Sqrt[(R^2 - Expand[(i + j*w2 + k*w2^2)^2])/(-t2)]];
Bw3 = N[Sqrt[(R^2 - Expand[(i + j*w3 + k*w3^2)^2])/(-t3)]];
Bw1 = N[Sqrt[(R^2*Ne - 2*(i + j*w1 + k*w1^2)^2)/(2*t1)]];
If[Im[Bw2] == 0 && Im[Bw3] == 0 &&Im[Bw1] == 0,
B3 = Min[N[1/Abs[w2 - w1]*((Bw2 + Bw3)/Abs[w2 -w3]
+ (Bw1 + Bw3)/Abs[w1 - w3])],
N[1/Abs[w2 - w3]*((Bw2 + Bw1)/ Abs[w2 - w1]
+ (Bw1 + Bw3)/Abs[w1 - w3])],
N[1/Abs[w3 - w1]*((Bw2 + Bw3)/Abs[w2 - w3]
+ (Bw1 + Bw2)/Abs[w1 - w2])]];
For[n = Floor[-B3], n Ceiling[B3], n++,
UB2 = Min[N[(Bw2 +Bw3)/Abs[w2 - w3] - n*(w2 + w3)],
N[(Bw1 + Bw3)/Abs[w1 - w3] - n*(w1 + w3)],
N[(Bw2 + Bw1)/Abs[w2 - w1] - n*(w2 + w1)]];
LB2 = Max[N[-(Bw2 + Bw3)/Abs[w2 - w3] - n*(w2 + w3)],
N[-(Bw1 + Bw3)/Abs[w1 - w3] - n*(w1 + w3)],
N[-(Bw2 + Bw1)/Abs[w2 - w1] - n*(w2 + w1)]];
For[m = Floor[LB2], m Ceiling[UB2], m++,
UB1 = Min[N[Bw1 - (m*w1 + n*w1^2)], N[Bw2 - (m*w2 + n*w2^2)],
N[Bw3 - (m*w3 + n*w3^2)]];
LB1 = Max[N[-Bw1 - (m*w1 + n*w1^2)],
N[-Bw2 - (m*w2 + n*w2^2)], N[-Bw3 - (m*w3 + n*w3^2)]];
For[l = Floor[LB1], l Ceiling[UB1], l++,
Dw2 = N[Sqrt[(R^2 - Expand[(i + j*w2 + k*w2^2)^2]
+ t2*Expand[(l + m*w2 + n*w2^2)^2])/(s2*t2)]];
Dw3 = N[Sqrt[(R^2 - Expand[(i + j*w3 + k*w3^2)^2]
+ t3*Expand[(l + m*w3 + n*w3^2)^2])/(s3*t3)]];
Dw1 = N[Sqrt[(R1^2 + R2^2)*(R^2*Ne
- 2*Expand[(i + j*w1 + k*w1^2)^2] - 2*t1*Expand[(l + m*w1 +
n*w1^2)^2])/(4*s1^2*t1)]];
If[Im[Dw2] == 0 && Im[Dw3] == 0 && Im[Dw1] == 0,
95D3 = Min[N[1/Abs[w2 -w1]*((Dw2 + Dw3)/Abs[w2 - w3]
+ (Dw1 + Dw3)/Abs[w1 - w3])],
N[1/Abs[w2 - w3]*((Dw2 + Dw1)/Abs[w2 - w1]
+ (Dw1 + Dw3)/Abs[w1 - w3])],
N[1/Abs[w3 - w1]*((Dw2 + Dw3)/Abs[w2 - w3]
+ (Dw1 + Dw2)/Abs[w1 - w2])]];
For[t = Floor[-D3], t Ceiling[D3], t++,
UD2 = Min[N[(Dw2 + Dw3)/Abs[w2 - w3] - t*(w2 + w3)],
N[(Dw1 + Dw3)/Abs[w1 - w3] - t*(w1 + w3)],
N[(Dw2 + Dw1)/Abs[w2 - w1] - t*(w2 + w1)]];
LD2 = Max[N[-(Dw2 + Dw3)/Abs[w2 - w3] - t*(w2 + w3)],
N[-(Dw1 + Dw3)/Abs[w1 - w3] - t*(w1 + w3)],
N[-(Dw2 + Dw1)/Abs[w2 - w1] - t*(w2 + w1)]];
For[s = Floor[LD2], s Ceiling[UD2], s++,
UD1 = Min[N[Dw1 - (s*w1 + t*w1^2)],
N[Dw2 - (s*w2 + t*w2^2)], N[Dw3 - (s*w3 + t*w3^2)]];
LD1 = Max[N[-Dw1 - (s*w1 + t*w1^2)],
N[-Dw2 - (s*w2 + t*w2^2)], N[-Dw3 - (s*w3 + t*w3^2)]];
For[r = Floor[LD1], r Ceiling[UD1], r++,
Cw2 = N[Sqrt[(R^2 - Expand[(i + j*w2 + k*w2^2)^2]
+ t2*Expand[(l + m*w2 + n*w2^2)^2]
- s2*t2*Expand[(r + s*w2 + t*w2^2)^2])/(-s2)]];
Cw3 = N[Sqrt[(R^2 - Expand[(i + j*w3 + k*w3^2)^2]
+ t3*Expand[(l + m*w3 + n*w3^2)^2]
- s3*t3*Expand[(r + s*w3 + t*w3^2)^2])/(-s3)]];
Cw1 = N[Sqrt[(1/(R1^2 + R2^2))*(R^2*Ne
- 2*Expand[(i + j*w1 + k*w1^2)^2]
- 2*t1*Expand[(l + m*w1 + n*w1^2)^2]
- (4*s1^2*t1*Expand[(r + s*w1 + t*w1^2)^2])/(R1^2 + R2^2))]
+ Abs[R1^2 - R2^2]/(R1^2 + R2^2)*
Sqrt[t1]*Abs[r + s*w1 + t*w1^2]];
If[Im[Cw2] == 0 && Im[Cw3] == 0 && Im[Cw1] == 0,
C3 = Min[N[1/Abs[w2 - w1]*((Cw2 + Cw3)/Abs[w2 - w3]
+ (Cw1 + Cw3)/Abs[w1 - w3])],
N[1/Abs[w3 - w1]*((Cw2 + Cw3)/Abs[w2 - w3]
+ (Cw1 + Cw2)/Abs[w1 - w2])],
N[1/Abs[w2 - w3]*((Cw2 + Cw1)/Abs[w2 - w1]
+ (Cw1 + Cw3)/Abs[w1 - w3])]];
For[q = Floor[-C3], q Ceiling[C3], q++,
96If[Mod[q + k, 2] == 0 && Mod[n - q - t, 2] == 0,
UC2 = Min[N[(Cw2 + Cw3)/Abs[w2 - w3] - q*(w2 + w3)],
N[(Cw1 + Cw3)/Abs[w1 - w3] - q*(w1 + w3)],
N[(Cw2 + Cw1)/Abs[w2 - w1] - q*(w2 + w1)]];
LC2 = Max[N[-(Cw2 + Cw3)/Abs[w2 - w3] - q*(w2 + w3)],
N[-(Cw1 + Cw3)/Abs[w1 - w3] - q*(w1 + w3)],
N[-(Cw2 + Cw1)/Abs[w2 - w1] - q*(w2 + w1)]];
For[p = Floor[LC2], p Ceiling[UC2], p++,
If[Mod[p + j, 2] == 0 && Mod[m - p - s, 2] == 0,
UC1 = Min[N[Cw1 - (p*w1 + q*w1^2)], N[Cw2 - (p*w2 + q*w2^2)],
N[Cw3 - (p*w3 + q*w3^2)]];
LC1 = Max[N[-Cw1 - (p*w1 + q*w1^2)],
N[-Cw2 - (p* w2 + q*w2^2)],
N[-Cw3 - (p*w3 + q*w3^2)]];
For[o = Floor[LC1], o Ceiling[UC1], o++,
If[Mod[o + i, 2] == 0&&Mod[l - o - r, 2] == 0,
norm = Simplify[Expand[(Expand[(i + j*w + k*w^2)^2]
- a*Expand[(l + m*w + n*w^2)^2] - b*Expand[(o + p*w +q*w^2)^2]
+ a*b*Expand[(r + s*w + t*w^2)^2] - R^2)
/. {w^3 -> w^2 + 2*w - 1, w^4 -> 3*w^2 + w - 1,
w^5 -> 4*w^2 + 5*w - 3}] /. {w^3 -> w^2 + 2*w - 1,
w^4 -> 3*w^2 + w - 1, w^5 -> 4*w^2 + 5*w - 3}];
If[norm == 0, list1 = Append[list1,
{i, j, k, l, m,n, o, p, q, r, s, t}
]]]]]]]]]]]]]]]]]]]]; list1];
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